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Abstract

Evolution of mountain slopes and valleys in temperate and humid regions has
been studied by physical consideration of dominant erosive agents, morphometric
measurement ot crosional landforms mainly of volcanoes and mathematical analysis
of theoretical equations.

In a long period of erosion, it is expected that the effccts of various erosional
factors and phenomena are averaged, and a fundamental process will appear on the
surface. Therefore, physical mechanism of erosion can be considered under simple
conditions. The dominant erosive agents acting on mountain sides in humid regions
are supposcd to be the tractive force of flowing water caused by rainfall and the
scouring force of moving materials of mass movement,

Assuming that the water flow on mountain sides is in a state of quasi-uniform
flow, the following equation 4 of erosion, in terms of topographic factors that can
be easily quantified, has been derived by the equation of motion and that of con-
tinuity, the formulas for tractional load and the principle of continuity of sediment
discharge:

L) (A)

where I is the erosion rate, / the slope length, 8 the slope angle and k,, £,, # and »
are constants. Also in the case of scouring action of mass movement, the same
equation has been derived by assuming the process as the movement of rigid material
on the slope. Assuming simply that in a long period of time the removal of the
slope forming material is carried on at every portion of the slope in proportion to
the magnitude of the crosive force, and introducing the angle of repose for deposi-
tion (6}, the [ollowing equation B of erosion has been derived by modifying equa-
tion A :

E =K I™(sin @ —sin 6,)%, (B)

where /{, m’ and »” are constants.

The applicability of equations 4 and B to actual proccsses of erosion has been
considered by using the data obtained by morphometric measurements of erosional
landforms. The initial slope surface is recovered by burying the valleys and gullies
which were made by erosion. By a method of measurcment to represent a wide
area of a slope in two dimensions, average slope profiles of initial and present landforms
are obtained. The distance of the profiles gives the average amount of crosion depth.

For volcanoes ranging in size from a volcanic cone to a large strato-volcano and
ranging in erosional stage from middle youth to early maturity, the calculated values
of average erosion depths obtained from cquation B agree quite well with mcasured
ones. The values of K, ” and »” were determined by the method of least squares,
Correlation coefficients are more than 0.9.  All of them are highly significant. Equa-
tion B can also be applied with success to the process of slope formation of abandoned
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coal slag heaps which were dissected inlo gullies. At Yotei Voleano the difference
in the erodibility due to lithologic state and that in the crosion rate due to slope
directions were obtained. The values of m’ and »' are nearly 1 for most of measured
slopes, irrespective of their crosional stage, location and size, Calculated values
obtained from equatlion 4 also show agreement with measured values at some of
the voleanic slopes.  Thus, it has been demonstrated that the erosion of actual moun-
tain slopes is fundamentally carried on through the physical mechanism represented
in equations 4 -and B. Equation 4 has a more reasonable form than equation B,
and may have a general applicability. Equation B cannot well describe the
depositional phenomena,

The amounts of change in longitudinal profiles of radial valleys are also given
by equation B. The reason of applicability of equation £, irrespective of the degree
of dissection, can be explained by the assumption that the crosion process at a valley
bed is dominant and the recession of valley wall proceeds in proportion to the amount
of undercutting of the valley bed while keeping the gradient of the slope almost
constant. The observed amounts of the change of valley bed in the Dashibara
Valley of the Joganji River show agreement with calculated values from equation
A, The dominant process in the valley is that ol debris flow. TFrom the results
it can be assumed that the fundamental process of erosion is similar, irrespective of
the kind of erosive agent.

Many of the processes in which transporting agents do not intervene are rep-
resented by independent terms of the gradient or curvature of slope.  Most of the
mathematical models of slope development proposed thus far have the terms incor-
porated. However, multiple regression coefficients of these terms are entirely in-
significant in the present examples of slopes, These are inferred to be local and
insignificant factors of erosion.

By some simplifications and modifications of equations 4 and & of erosion,
the following equations 4 and B of slope development have been derived:

ou _ m O o Ol
ot =k x i +kox ix’ (A)
ot ou

= L] Sl ¢ B
gy — A& (& L), (5]

where u is the clevation, ¢ the time, x the horizontal distance from the divide and
1. a constant. The validity of the equations was confirmed by the agreement of
calculated values with measured values of degradation at some slopes.

General processes of slope development have been studied by solving these
equations under various initial and boundary conditions. In the eatly stage of
erosion, deposition occurs at the foot of the slope, but in due course of time the re-
dissection begins. In a highly dissccted stage, a common concave slope which can
be approximated with a logarithmic curve is formed independently of the shape
of the initial profile. Longitudinal profile of valley bed takes a logarithmic curve
in a graded stage. By taking A, and £, as functions of x near the divide, the forma-
tion ol convex summit can be shown. Modifying equation 4, an cquation repre-
senting the process in which the divide recedes has been derived. The process of
the disscction of a platean and the development of a radial valley can be repre-
sented by this equation. Taking erosional coefficients as functions of location.
the changes of slope profiles are considered for the cases where local variations in litho-
logic condition exist.
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1. INTRODUCTION

Slope is a basic constituent element of the earth’s surface, and its form is contin-
ually changing under the influence of various erosive agents. Evolution of landforms,
especially that of a mountain, is carried on under very complicated conditions in
a long geological period. Therefore, it is a difficult but fundamental problem of
geomorphology to clarify the mechanism of erosion and the process of slope formation.
On account of the complexity of the process and the impossibility of reproducing
it on a laboratory scale, it may be considered as difficult and even meaningless to
generalize the physical mechanism of erosion process as a whole in quantitative terms.
However, as the present landforms we see now have been formed by the cumulative
effect of a great number of erosional episodes in a long geological history, supposing
a mean and steady condition during the period, it may be possible to consider the
erosion process in a simple way with the hope that the cffects of various erosional
factors and phenomena arc averaged, and a fundamental process may appear on the
surface.

In the present paper, based on the above idea, the writer tries to derive equa-
tions which represent the processes of erosion by theoretical considerations of physical
mechanism of dominant processes under simplified conditions, and to confirm the
applicability of the equations to the process of erosion on actual mountain slopes by
morphometric measurements in order to clarify the mechanism of erosion and the
process of slope formation. Here, the term of slope is used in a wide sense, meaning
the whole surface of a mountain including valleys.

The amount of erosion in a long period is obtained by an estimation in some way
or other. At a slope where the initial slope surface can be estimated, the amount of
erosion is obtained by the difference between initial and present slope surfaces. A
volcano has suitable conditions; namely, at a volcano that is moderately dissected by
valleys and still preserves its initial slope surface, the volume of eroded material at
any place of the slope can be fairly corrcctly estimated by recovering the initial con-
tour lines. Moreover, topographic conditions of it arc generally favorable for the
treatment of a wide area in two dimensions. Two-dimensional treatment is convenient
for the measurement and quantitative analysis of the results. Ior a similar reason,
artificial slopes like coal slag heaps can be taken up for the study.

In the present paper, many strato-volcanoes and coal slag heaps were measured
for confirming the applicability of theoretically derived equations. On a general non-
volcanic slope, factors related to erosion arc generally very complicated and the estima-
tion of the amount of erosion is generally impossible. Therefore, it is hard to confirm
the applicability of the equations to a general slope. However, judging from the
generality of the consideration tried here, the writer thinks that the erosion process
at a general slope is fundamentally the same with that at the slopes considered in the
present paper.

Quantitative studies on slope erosion based on observations at actual slopes have
been conducted by many researchers. The results, however, should not be generalized
dircctly because there is a possibility that in the short-period process when the amount
of erosion is small, the fundamental process does not appear on the surface, owing to
the effects of transient and local phenomena. By a practical request of soil conser-
vation, studies on erosion by measurement and experiment have been conducted, and
empirical relationships between the amount of erosion and the erosive factors such as
rainfall, geology, vegetation, topography and so on have been obtained. Horton
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(1945) derived a noteworthy equation of the erosion caused by overland flow, and
tried to apply it to soil erosion. Theoretical and experimental studies on the mech-
anism of erosion have been conducted in the field of hydraulics. Although the results
may not be directly extended to actual processes, they give a physical basis for the
consideration of erosion process. Mathematical analyses on the process of slope evolu-
tion by using mathematical models have been conducted by Culling (1960), Scheidegger
(1961), Hirano (1966), Kirkby (1971) and so on. Most of these modcls, however, have
been derived by deductive means and have unsatisfactory points in the fact that they
are not quantitatively connected with the dominant erosive agents acting on an
actual mountain slope. Therefore, we cannot find any conclusive evidence that a
series of curves obtained by solving these mathematical models represents the actual
processes of slope development. The mere agreement of natural form and model-
derived form is no proof of the validity of the assumption made in constructing the
model.

By recovering the initial slope surface and by estimating the amount of erosion,
Ruxton and McDougall (1967) and Suzuki (1969) studied the rate of erosion of vol-
canoes.

Since the slope form evolves through the physical mechanism in a wide sense of
various agents, the study of slope development must involve an attempt to quantifly
and formulate the process. The result must be interpreted in terms of principles
of physics and be examined quantitatively in regard to actual landforms.

The writer is indebted to Prof. T. Nakano, Prof. $. Kaizuka and Prof. T. Yazawa
of Tokyo Metropolitan University for helpful suggestions and encouragement. The
writer is also grateful to Mr. M. Oishi and Mr. S. Kinoshita of the National Rescarch
Center for Disaster Prevention for useful discussions and advices.

2. DERIVATION OF THE EQUATION OF SLOPE EROSION

2.1 Dominant Erosion Processes

The change of a land surface is primarily carried on by the removal ol carth
material through the action of erosive force. Therefore, the process of erosion may
be considered to be equal to the process of transportation when a large change on a
land surface is considered. Thec main erosive agents acting on mountain slopes in
temperate and humid regions as Japan are running water and gravity. Wind and
groundwater are also acting on mountain slopes as agents. However, the magnitudes
are thought to be very small. The rate of weathering is not considered here.

By running water the materials on a slope or in a channel are transported in the
forms of tractional load and suspended load. At mountain sides where the gradient
is great, the transportation of materials is carried on mainly by tractional action
of overland flow and channel flow dircctly caused by intense rainfall. At the time
of no rainfall, running water in the channel has no ability to trangport bed material.
Therefore, tractive force of running water caused by rainfall can be taken up as a
dominant erosive agent.

Erosion process by direct action of gravity is termed mass wasting. This is clas-
sified into creep and landslide. Tandslide is caused in the forms of slide, flow and fall
of earth material. The movement is relatively rapid, and slope form of a mountain
is often changed largely by it in a short period of time. Especially, flow and slide
entrain the slope forming material during the movement and transport them by trac-
tion and suspension. On the other hand, creep is very slow movement of the slope
forming material. The greater part of its effect may be eliminated in the actions of
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running water and landslides in temperate and humid regions. Thus, scouring force
of moving material of mass movement can be taken up as another erosive agent.
2.2 Erosional Mechanism of Tractional Action of Running Water

Part of rainfall is intercepted by the vegetation cover and infiltrates into the
ground. The rest of the rain water becomes surface runoff and runs downslope in
response to the force of gravity. Sheet erosion takes place by overland flow on the
level surface of the slope. Overland flow concentrates gradually into rills and gullies
with downhill movement. The depth and velocity of the flow increase, and intense
channel erosion is carried on.

Effective rainfall intensity is assumed to be uniform throughout the slope for
simplification, though it varies with the elevation and location on the slope. There-
fore, the quantity of runoff increases with the distance from the divide. Now, we
consider the surface runoff on the mountain slope caused by rainfall to be a uniform
sheet flow throughout the slope, assuming a mean and steady condition in a long
period of time. Thus, the flow can be treated as two-dimensional. Since the gradient
of the slope is great and the change of the quantity of lateral inflow with time is small,
it can be assumed that the downslope component of the weight of water is almost
equally balanced with the frictional force and the flow is not accelerated downwards,
that is, quasi-uniform flow is realized (Ishihara ef al., 1962). The equation of motion
in this case is shown as follows:

—t,+pghsin =0, (2.1)
where 7, 1s the [rictional resistance, p the density of the fluid, g the gravity acceleration,
i the depth ol the flow, and 0 the slope angle. By Manning’s formula equation (2.1)
is rewritten as

mnag—ﬁﬁ;:o, (2.2)
where n is Manning's coefficient of roughness and « the velocity of flow. The equa-
tion ol continuity of steady flow is represented in the form:

1 d

2 = 2.3

T T d (2.8)

where (/) is the channel width, / the distance from the divide and g the effective

rainfall intensity. Substituting # obtained from equation (2.2) into equation (2.3),
SUsin'/ 0 dh | hCsin'fd 1 d{blh)} _

3n d/ 7 by o Al —% 4

is derived. When the shape of the slope is fan-like, channel width can be represented
as

bily=al+1,
where a is a constant. Then, by integration under the condition {=0, =0, the depth
of the flow at a distance / from the divide is given as follows:

_( gnl 7
h;—( sin'/? # ) ) (2.5)
where L=({2+2!/a)/2(l—1/a). When the channel width is constant, that is, when

aLh(l)}di=0,

_(_anl P /
m_(ﬂmﬂﬁ) (2.5')

is obtained. It is supposed that the change of channel width can be neglected at

._6__
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general large mountain slopes. The flow entrains and transports the slope forming
material by its tractive force. The tractive force 7 is expressed as

t=pghl,, (2.6)
where [, is the energy slope. In the case of uniform flow, I, is equal to sin .  Hence,
from equations (2.5°) and (2.6) the tractive force of the flow at I is expressed by

o, =pglgn) 5 sin®/1" 4, (2.7)
Many formulas for tractional load have been proposed thus far. They are expressed
in terms of v and critical tractive force r,. At periods of intense runoff when the
greater part of erosion occurs,  is much greater than 7,. Hence, under the condition
of 1, the formula for tractional load may be written in the general form:

Qz=cr?, (2. 8)
where @, is the tractional load. By Brown’s equation ¢=10/(s/p—1)%g?dp%?, a=>5/2,
and by Sato, Kikukawa and Ashida’s equation c=¢F/{e{o—1)ge*? «=3[2, wherc o
is the density of the particle, and d the particle diameter. From equations (2.7)
and (2.8), the transport rate of tractional load in weight per unit time and unit width
at / is given in terms of the length and the gradient of the slope as follows:

Qp=K/™sin" §,, (2.9)
where K=c(og)*(qn)?/?, m—>3m(b, n—=7Ta/10. The transport rate at /Al is
Q(g{hdan([ﬁ"é‘[‘)m Si]’]:rE 0£+J7. (2. 10)

The amount of erosion is given by the increment ol @, per unit length of the slope,

i.e.,

4Q, _ K

A {{{+ 40" sin®™ 0. 4,—{™ sin” 8, }. (2.11)
Then, passing to the limit, we arrive at
A
= 52 m Qin? ﬁ
E o (KI™ sin™ 6)
=™ dr—(sin" 8)+ k"t sin* 0, (2.12)

ds’
where E is the crosion or deposition depth measured at a right angle to the slope,
K=F and Km=rk,. Here, equation {2.12) is called equation 4 of erosion. Equation
(2.12) is also obtained from equation (2.9) and the relation
a}' - aQn
A=t == (2.13)

in which —dv/af can be replaced with E.  Equation (2.13) is the equation of continuity
of sediment load.

The coefficient K is a function of the effective rainfall intensity, the roughness
coefficient of slope and the density and diamcter of particle, that is, a function of
erosive factors such as climate, geology, vegetation and topography. The value of
K can be supposed to be constant or a simple function of location at each mountain
slope, by assuming a mean condition in the long geological history. Thus, relative
amount of erosion depth at any point on a slope can be obtained by equation (2.12).
Absolute amount cannot be estimated because the value of each factor of K and the
duration of erosion cannot be determined even roughly. The values of #m and »
obtained from Brown’s equation are 3/2 and 7/4, those from Sato, Kikukawa and
Ashida’s equation 9/10 and 21/20, those from Shields’s 8/5 and 17/11, and those from
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Du Boys’s 6/5 and 7/5.

In case where the quantity of runoff @ does not increase in proportion to the dis-
tance from the divide on account of certain characteristics of the slope or the basin,
equation (2.12) can be modified simply by replacing / with . This can be confirmed
by substituting the relation

h:nE/EQ.‘I!’:’) (Sin g)ua,ﬂo' (2. 14)
which is derived by transforming Manning’s formula into equation (2.9). Ifor the
purpose of representing the equation of crosion in terms of topographic factors, it is
necessary to express @ by a function of location which represents the form of the
basin, local variation in effective rainfall intensity and so on. However, it is dif-
ficult to decide the form of the function.

2.3 Erosional Mechanism of Mass Movement

In order to consider the mechanism in a simple way, we assume that the motion
of the materials of mass movement can be approximated by the motion of rigid body
on a slope. When the frictional resistance is proportional to the second power of the
velocity, the equation of motion is given in the form

'ms%: msg sin 8 — k7, (2.15)

where 7, is the mass of moving material, » the velocity and %, the coefficient of friction.
Since the frictional resistance is proportional to the second power of the velocity, the
velocity of moving material will soon reach a terminal velocity where the downslope
component of the weight of the material is balanced with the frictional force. The
terminal velocity is obtained by solving equation (2.15) with dv/di=0, 7.e.,
N 3§ sing. (2. 16)
z
The frictional force operates as an erosive force. By squaring equation (2.16) it is de-
rived that the erosive force is proportional to sinf. Total volume of the material
of mass movement increases as it moves down the slope by the entrainment of slope
forming material. Therefore, the volume can be expressed in terms of the distance
from the divide. Now we assume that the volume passing at / per unit time and per
unit width is proportional to I# {$: a constant) and a mass movement cqually occurs
at all portion of the slope. Then, the erosive power exerted at [ is

V.=

F=¢ gi(lfx)p sin fdx
:piiﬁ”ﬁn& (2.17)

where ¢ is a proportionality constant. Equation (2.17) has the same form as equation
(2.7) which represents the erosive power of running water. Supposing that the trans-
ported material is proportional to ¥ and using equation (2.13) for the equation of
continuity, equation (2.12) is derived as the equation of erosion of mass movement.
Materials of mass movement falling on a long mountain slope do not necessarily reach
the bottom of the slope in a continuum, but in an interrupted manner. Therefore,
the application of equation (2.12) may be limited to fairly short and steep slopes
in the case of mass movement. However, the effect of mass movement falling in a
series of intermittent movements may be averaged throughout the slope in a long
period of time. Then, we can expect that the erosion is carried on in the way as ex-
pressed by equation (2.12). :
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2.4 Derivation of a Simplified Equation of Erosion

Horton (1945) stated that the total eroding force I’y at a distance x from the
watershed is represented from Du Boys’s and Manning’s formulas as follows:

F _ﬂ(@a)”i sina
171211020 tan®?a
Then, assuming that the erosion rate is proportional to the net eroding force, Horton
presented the following equation:
_ K (_qxn W sina 3/6 4. 35
&="13 \T020) Tania*

where ¢, is the erosion rate, K, a proportionality factor, @, the weight of water, ¢,
the surface runoff intensity, » the surface roughness factor, « the slope angle, and x,
the critical length of overland flow. Horton thought that the equation is applicable
only to uniform overland flow.

Now, we assume after Horton’s consideration that the erosion proportional to
erosive force occurs at any portion of the slope in a long period of time. Then, from
equation (2.7) the following equation is obtained:

E=KI™ sin™ 0. (2.18)

Critical length is neglected since it may be very small compared with the total slope
length at the time of heavy rain. The slope angle less than a certain value is needed
for the moving material on a slope to come to rest. This is termed the angle of reposc
for deposition. The value varies with the sort of erosive agent. Takeshita (1963)
showed that the angle of repose for deposition by debris flow is 10°—23°, and that the
angle by water flow is less than about 13°. It is observed in many volcanoes that the
slope angle where valleys nearly disappear at the base of the slope is fairly great.
Then, by introducing a critical angle f,, equation (2.18) can be modified as follows:

E=KI™ (sin # —sin 6,)". (2.19)
Here, this is called equation B of erosion. Equation (2.19) can also be derived by using
Qu=c(z—7,)" (2. 20)

instead of equation (2.8) and by some simplifications. Equation (2.19) means that
the force corresponding to the slope angle which exceeds a critical value operates
effectively as erosive force. Though equation (2.19) is not fully theoretical and cannot
represent the deposition phenomena, it may be applied te slopes which have favorable
conditions.

3. APPLICATION OF THE EQUATIONS TO ACTUAL PROCESSES

3.1 Measured Slopes and the Method of Measurement

Since equations A and B of erosion are derived theoretically under simplified
conditions, the validity cannot be accepted unless they are interpreted in regard to
actual landforms and field relationships. Then, morphometric measurements of
moderatcly dissected strato-voleanoes and coal slag heaps in Japan have been per-
formed to confirm the applicability to actual processes of erosion.

Measured slopes were chosen under the following conditions: the recovery of
initial landform can be performed objectively, landform deformation by the causes
other than the direct action of erosive force to the slope is supposed to be little, the
form of the mountain is conical or the slope surface is flat, the base of the slope is
smooth with gradually decreasing slope angles, the form of the slope surface and the

_797



Report of the National Research Center for Disaster Prevention, No. 8, February 1974

Fig. 2. Method of measurement (2).
MQN : initial profile; MON; present profile,

Fig. 1. Methed of measurement (1}. F': average
amount of slope recession; dash-line:
recovered initial contour line,

channel of valleys are not so deformed by lateral voleanoes and adjacent mountains,
and the shape of drainage basin is [an-like or rectangular.

The method of measurement is as follows, At first, both sides of the slope are
drawn with straight lines, taking account of the arrangement of valleys. The initial
contour lines are recovered by smoothly connecting the contour lines which represcint
the initial surface over valleys and gullies formed by erosion. The method of the
recovery of the initial slope is shown in Fig. 1. The embayment of contour line by
the distortion of initial slope can be excluded since it is unnatural in the case of a
valley. Then, the fan-shaped or rectangular areas enclosed by each of the contour
lines of initial and present land surfaces, both sides and the divide are measured. The
mean distance from the divide to the place with its altitude the same as that of the
measured contour line is given by the radius of the [an or by the length of the lon-
gitudinal side of the rectangle of which areas are the same as that of the measured
area. Taking the altitude on the ordinate and the distance on the abscissa, average
slope profiles of initial and present slope surfaces are obtained (MQN and MON in
Fig. 2). In Fig. 2, OQ represents the average amount of slope recession R at the
altitude. Since erosive action is directed normal to the slope, the amount of slope
deformation measured normal to the slope is obtained and compared with the mag-
nitude of erosive foree. As shown in Fig. 5, at the slope which is youthfully dis-
sected, the distance between the initial and present average profiles is small. Then,
assuming that the slope profile MPN in Fig. 2, obtained by connecting middle points
0f 0Q, represents the mean condition during the erosion period, the topographic factors
such as slope angle and slope length are measured by the profile. Gradient of slope
is calculated by the relation tan 0:—(}r,m—;’zn,l)f(x,mgxn_l). Average amount of
erosion depth E,, is obtained by E, =R sin 6, when the slope degradation is small.

Major premises for the measurement are as follows: that the slopes taken up were
formed into smooth surfaces in a short period of time, and that the valleys which had
been formed before the formation of the present slopes were completely buried beneath
the surface, and hence, that the initial land surface can be obtained by burying valleys
and gullies. These premiscs may be fully realistic, if the slope is reasonably selected
and the measured part is aptly limited.

s (s
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R By this method of measurcment the
sheet erosion and the rill erosion are excluded
because they do not form any valleys large

R:Rishiri enough to be represented in topographic
M: Maeturano . . W T - ok
e maps. However, since it is generally ob-
Tk: Iwa ki served that mature soil develops and the
It:lwate layer of volcanic ash is well preserved on
N:Nantai - it 1 if {avier of
e Hapumeii mountain sides, the surface laye

A: Aso Takadake mountain sides excepting that of valley
K : Kirishima Takachiho A 4.

& HESET LI P slopes is supposed to be mnearly immune

from erosion. Therelore, sheet erosion is
thought to be small in quantity.

The scale of topographic map used here
! »{?:f ranges from 1/5,000 to 1/50,000. Maps of
& 1/50,000 were used where the size of the
mountain was large and the slope surface
was highly dissected. The area was mea-
sured by using a dot templet. Since the
accuracy of measurement can be improved by increasing the number of measurement,
the accuracy of morphometry as a whole is determined mainly by the accuracy of
topographic maps. At steep upper parts of slopes, the embayments of contour lines
which represent valleys are relatively small. Therefore, the accuracy of measurement

may be low at the upper part of the slope. However, at most parts of the slope, satis-
factory accuracy is thought to be obtained.
3.2 Application of Equation B
3.2.1 Method of Calculation

At first, we try to apply equation B ol crosion which has a simpler form for the
actual process of crosion. The age of the slope is generally unknown, and it is very
difficult to determine the absolute value of each factor of K which varies with time and
location. So it is almost impossible to obtain the absolute amount ol erosion by the
cquation. If possible, intentional management is inevitable. If equations 4 and
B represent actual processes, the values calculated from these equations, of which
the variables are topographic factors objectively obtained, should show a relative
agreement in their local variations with measurcd values. The values of w' and #»’
are thought to vary with the characters of the slopes and with erosional phenomena
which occur there. Therefore, we confirm the applicability of the cquation by the
existence of significant correlation between the measured values and the calculated
values obtained from determining unknown coefficients by the method of least squares.

Equation (2.19) can be made linear with regard to unknown quantities by taking
the logarithms of both sides of the equation as follows:

log E=log K+m' log {+n'log (sin #—sin §,), (3.1)

Multiple regression coefficients log K, ' and #’ can be obtained by the method of
least squares. The values of E,, {; and 0, are obtained by measurement so many as
the number of measured contour lines. The angle of the lower part of the slope where
the amount of erosion becomes nearly zero was given for f,. The places, where the
accuracy of measurement was supposed to be low and where the erosion proceeds
abnormally for a certain reason, were excluded.
3.2.2 Examples of Application

(1) Little dissected volcanoes. The equation ol erosion was derived by assuming

Fig. 3. lLocation map of measured slopes.
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Fig. 4.1 Measured part of Mt. Harunafuji.
Dash-line: recovered initial contour line, Fig. 4.3 Mecasured part of Mt. Takachiho.

Fig, 4.2 Measured parts of Mt, Nantai.

uniform sheet crosion. Therefore, in the
first place, the application is limited to
the slopes where valleys are not so large.
Mt. Harunafuji, Mt. Nantai, and Mt.
Takachiho were taken up here. Maps on
a scale of 1/5,000 prepared by aerial
surveying were used. The measured parts
and recovered initial landforms are shown Fig. 4.5 Mecasured part of Mt. Takadake.
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Fig. 4.7 Measured parts of Mt. Yotei,

in I'ig. 4, together with other slopes which
are to be considered later. Mt. Harunafuji
is a small volcanic cone which was formed
within the caldera of Mt. Haruna. The
measured part was restricted to the north-
ward-facing slope where wvalleys were

large enough to be measured. Atf Mt. 0 00 tocom A
- G . ISR S S S T A
Nantai the south slope whose shape is wees
conical was taken up. The measured part Fig. 4.9 Measured parts of Mt. Iwate.
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Il Nantai Ohnagi VI Iwaki X Aso Takadake
Il Nantai Furunagi Vil Iwate Dogasawa  X| Harunafuji
V Yotei E, Vil lwateltazasawa Xl Kirishima Takachiho

Fig. 5. Average profiles of initial and present landforms,

of Mt. Takachiho is the north slope where the shape of the slope and the arrangement
of valleys are favorable; the amount of erosion depth does not decrease because of
intense headward erosion of a large valley lying at the base of the slope. The inter-
vals of measured contour lines are 20 m at Harunafuji, 50 m at Nantai and 50 m at
Takachiho,

Average profiles of initial and present slopes are shown in Ifig. 5 together with
other slopes to be considered later. In Fig. 6 measured amounts of erosion depth
are compared with calculated ones (in m). Elevation is taken on the abscissa since
measured values are obtained for each of contour lines. Correlation coefficients of
calculated values with measured ones are 0.994 for Mt. Harunafuji, 0.988 for Mt.
Nantai and 0.946 for Mt. Takachiho, All of the correlation cocfficients are significant
at the 0.001 level of significance. Nearly complete correlations are obtained for the
mountains Harunafuji and Nantai which have favorable conditions. Thus, from the
results, it is confirmed that at these slopes there proceeds the erosion under the physical
mechanism represented in equation B in the mean condition during a long period of
time.

(2) Well dissected volcanoes. Next we try to apply equation B to voleanic
slopes in the stages of late youth and early maturity. Measured volcanoes are Mt.
Iwaki, Mt. Rishiri, Mt. Maefurano, and Mt. Takadake. The scales of maps used
and measured contour intervals are respectively 1/25,000 and 50 m for Mt. Maefurano,
and 1/50,000 and 100 m for other volcanoes,

In Fig. 7, comparisons of the measured amounts of average erosion depth with
the caleulated values are shown. For every slope, both of the measured and cal-
culated values agree well with each other. Correlation coefficients are 0.990 for M.
Iwaki, 0.960 for Mt. Rishiri, 0.986 for Mt. Maefurano and 0.951 for Mt. Takadake.
The correlations are highly significant. Thus, it is shown that the erosional mechanism
represented in equation B is also acting in fairly highly dissected volcanoes of which
initial surfaces begin to disappear on the upper slopes and in large strato-volcanoes
whose slope lengths are more than 4 km. Tt is difficult to confirm the applicability
of the equation for the highly dissected mountains where greater parts of the initial
surfaces have disappeared because the initial surfaces cannot be recovered accurately
by morphometry. However, judging from the general characteristics of the mech-
anism represented in the equation, it may be applied to maturely dissected slopes.
The depths of valleys become more than 100 m at volcanoes of carly mature stages.
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Fig. 7. Comparison of mcasured amount of erosion depth with the calculated.
‘Well dissected volcanoes.

Nevertheless, equation B gives a good approximate value of erosion depth. There-
fore, the application of equation B may not be limited to the processes which can be
approximated by sheet erosion.

(3) A drainage area. The shape of slopes considered so far is fan-like or conic.
Tn such slopes the increase of discharge with the increase of [ is represented by equation
(2.5), and the measured amount of average erosion depth becomes smaller at the lower

S .
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Fig. 8. Comparison of measured amount of erosion depth with the caleulated.
A drainage area.

part of the slope where the width of the slope is large and the greater part of the initial
surface is preserved. And crosion is carried on, being closely related to the charac-
teristics of drainage basins. Therefore, we try to apply equation B to volcanic slopes
which have a radial valley. Measured arcas were so limited as to make rectangular
shapes.

Radial valleys under consideration are Furunagi valley at the southeast part
of Mt. Nantai, and Dogasawa and Itazasawa valleys on the north slope of Mt. Twatc.
At Mt. Iwate, imaginary divides were drawn at appropriate locations by taking the
shape of the mountain into account. The map of Mt. Iwate was made from aecrial
photographs by using a stereo-micrometer on a scale of 1/20,000.

Comparisons of measured values with calculated ones are shown in I'ig. 8. Cor-
relation coefficients are 0.974 for Furunagi V., 0.965 for Dogasawa V. and 0.977 for
Ttazasawa V. The correlations are highly significant. At Furunagi valley the data
around the altitude of 1,400 m were excluded, since the crosion proceeded abnormally
there, due to the collapse of sheet lava.  Although the valley walls of the upper part
of the valleys Dogasawa and Itazasawa are very rugged, good agreements are ob-
tained. Trom the result it may be concluded that the applicability of cquation I is
independent of the shape of the slope and the number of valleys.

() Landslide. Ohnagi valley in the southeast part of Mt. Nantai is a valley
where landslide is the main process.  Since landslide is supposed to be a very unsteady
phenomenon, theoretical treatment of the process may be generally difficult. As the
initial landform of Ohnagi valley can be estimated by the way shown above, we try
to apply equation I3 to it. Both the slope sides werc drawn with parallel straight lines
to form a rectangular slope. The lower part of the slope could not be measured
because the landform was complicated there.

Making 6,=0 and #'—0.5, the relation E—=0.0008 /1.5 (sin #)9-%0 was obtained.
As shown in Fig. 9, the measured values agree well with the calculated. The correla-
tion coefficient is 0.992, By the relation £=0.0012 [*¥ which is obtained by neglect-
ing the factor of sin 6, the calculated values also show a good agreement with the

-
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Fig. 9. Comparison of measured amount of erosion depth with the calculated.
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Fig. 10. Comparison of measured amount of crosion depth with the calculated.
Mt. Yotei.

measured. Trom the result it may be assumed that the erosion process of landslide
can be represented by cquation 5.

(5) Mt. Yotei. Yotei strato-volcano is worthy to be considered becausc its
shape is typically conic with its smooth foot and unifermly developing radial valleys.
As to this volcano, the difference in the values of coefficient K with different slope
directions and lithologic conditions can be estimated. As shown in Fig. 4.7, the
slope was divided into three parts in order to be measured respectively apart. The
west slope was excluded since it was covered with the latest lava flow and there were
no valleys well-developed. Measured slopes are thought to be [ormed at the same
time. A map on a scale of 1/25,000 was used for the measurement. The upper slope
situated above the altitudes of 1,100—1,300 m is coverd with lava, and the lower
slope with pyroclastic material. Due to the difference in the lithologic condition,
the sizes of valleys change discontinuously at the said altitudes. Timber line is also
situated around the altitudes. In Fig. 10, altitudinal changes of average erosion
depths are shown. In every slope the amount of erosion depth changes at these alti-
tudes. So, the values of K were calculated at the upper and lower slopes, respectively.
The boundary was set at the altitude of 1,150 m. In order to avoid the effect of the
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differences in m’, %" and 0,, calculation was performed by making m'=n»'=1 and 0,—=
11°.

The equations in a general form used in the calculation are E,= K,/ (sin # —sinl11°)
for the upper slope and E,=K,/ (sin # —sin 11°) for the lower slope. The values of
K, and K, are 0.041 and 0.072 at the north slope, 0.025 and 0.046 at the east and
0.016 and 0.019 at the south. Correlation coefficients of calculated values with mea-
sured ones are (L9538 at the north slope, 0.980 at the east, and 0.946 at the south.
They are highly significant. As the boundary line between the lava slope and the
pyroclastic slope is not straight but rugged in reality, the differences between the mea-
sured and calculated values are fairly large at the portions of 1,100 m and 1,200 m.

The cocfficient K represents the erosion rate or the crodibility of the slope. The
ratios K,/K, are 1.76 at the north slope, 1.84 at the east, and 1.19 at the south. Ex-
cluding the value of the ratio at the south slope where the lithologic condition may
be unfavorable, 1.8 is obtained for the value of K,/K;. This means that the erod-
ibility of pyroclastic slope is 1.8 times as large as that of the lava slope at Mt. Yotei.

Table 1. Physiographical factors and

Atiwde | reliel Joaes gradient
m m m

Harunafuji 1380 250 490 30°55°
Nantai, S. 2300 | 930 2050 27 30
Takachihe 1560 ‘ (570) (1170} 29 10
Iwalki | 1430 1080 3800 16 30
Rishiri 1720 1370 3500 23 10
Maefurano 1330 655 1900 20 10
Takadake 1590 790 | 2170 21 35
Furunagi 2450 1100 2590 25 35
Dogasawa 1720 745 2590 17 00
Itazasawa 1615 665 2280 17 10
Ohnagi ‘ 2480 (1150) (3200) 27 35
Yotei, S. 1870 . 1320 3100 25 30
Yotei, E. ‘ 1890 1340 3200 24 55
Yotei, N. | 1855 1360 3500 23 05
Mitsubishi 108 61 113 33 15
Daishojin 117 57 110 30 10




Erosional Development of Mountain Slopes and Vallevs—T. Mizutani

m=il14 | H=1los |K=0.033

MHSLLbi shi
L T R L-o—] N 823"
| ™~ \ o ;
05 i )’3741.0 \0\\9‘
E , ‘ o
(my © : ?‘o'/?/o : jo | I 50 TR R

T
] Daisyozin . ‘ | ‘
e - |
o P [T "
10 - 52 e © o6 __|
| m=0.33 n=0 26
Qs ! | B ] |
o1 — measured - S
| o c}qiculuted K= -5457 6723
] |
2 #o 0 &
distance (m)

Fig. 11. Comparison of measured amount of crosion depth with the calculated.
Coal slag heap.

coefficients of measured slopes.

rock type :‘ ' ‘ n O¢ ‘ Emax ‘ Rir
o \ | | m x 1072

dacite 1.08 0.93 18.5° | 4,2 1.27
pvroxene andesite 1.07 1.01 17 8.1 0.51
ditto 0.57 0.54 18 | 3.9 | (0.55)
ditto 0.98 0.59 9.5 6.0 2.68
basalt, andesite 0.94 1.27 12 73.0 4,24
ditto 1.00 | 0.99 10 36.0 3.60
ditto Lol | 078 9.5 | 45.5 4.64
pyroxene andesite 0.88 0.61 14 19.9 1.20
basalt, andesite 1.02 1.28 10 71.5 5.14
ditto 0.82 0.87 10 46.7 4.04
pyvroxene andesite ‘ 1.51 0.50 — (66.0) —
ditio (L.00) (L.00) 11 9.0 0.71
ditto ‘ (1.00) (1.00) 11 21.0 1.56
ditio 5 (1. 00) (1.00) 11 29.5 1.83
coal slag 1.14 1.04 23 [ 0.94 1.13
ditto | 0.33 0.26 23 | 1.47 1.28




Report of the National Research Center for Disaster Prevention, No. 8, February 1974

The cffects of the differences in vegetative and climatic conditions may be contained
in this value, but they are thought to be small compared with the effect of lithological
condition in this case. Ac the measured parts of the mountain are thought to have
been formed at the same time, the difference of K indicates the difference of crosion
rate in the different directions of the slope. The value of K relative to the value 1.00
at the north slope is 0.61 at the east slope and 0.39 at the south slope, and the value
of K, relative to the value 1.00 at the north slope is (.64 at the east slope and 0.26
at the south slope. Irom the result the erosion rate of the east slope is inferred to
be 0.6 times as much as that of the north slope, and that of the south slope is inferred
to be 0.3 times. The intensity of erosion differs with the direction of the slope on
account of the difference of climatic conditions such as precipitation, insolation and
wind direction. At the slope facing north, the effective rainfall intensity is generally
greater and erosion proceeds faster.

(6) Coal slag heap. Some of abandoned coal slag heaps are dissccted into
gullies as if into radial valleys. Coal slag heaps in general may not be included in non-
volcanic slopes, since they are similar to volcanoes in respect to their forming process
and composing materials, but now, we try to apply equation B to some of them as an
example of general slopes.

The coal slag heaps considered are the Mitsubishi lizuka heap and the Daishojin
heap to the south of Iizuka City in Kyusyu. The relative height ol Mitsubishi coal
slag heap is 60 m, and its mean slope angle is 33°. Mean maximum depth of the
gullies is 2—3 m. There exists a belt of no erosion of 20 m in width around the sum-
mit. Daishojin coal slag heap is 60 m in relative height and 30° in mean slope angle.
The hecap is fairly dissected and a few wide and deep gullies are formed by abstrac-
tion. The materials of both the heaps are unconsolidated particles of coal, coal ash
and rock fragments.

In Mitsubishi heap, a gully at the northwest slope was surveyed by using a hand
level and a measuring tape. Cross-sectional areas of the gully were surveyed at 3-m
intervals in height. As the gullies were represented as sufficicntly large enough to
be measured in the topographic map of Daishojin on a scale of 1/3,000, morphometric
measurement was performed at Daishojin to take up an area as wide as possible though
the accuracy might be low.

In Fig. 11, comparisons of measured values with calculated ones are shown.
Correlation coefficients are 0,994 for Mitsubishi heap and 0.726 for Daishojin hcap.
The correlation coefficients are highly significant. Thus, the applicability of equa-
tion B to the erosion of coal slag heap has been confirmed, though the duration of
erosion is only a few years. The value of §, is great, probably because the effective
runeff intensity is small due to the small size of the slope and to its high permeability.
3.2.3 Consideration of the Result

As shown above, morphometric measurements have been performed at various
kinds of velcanoes which cover a wide range of conditions, from large strato-volcano
in carly mature stage, like Mt. Rishiri, to little dissected small volcanic cone, like
Mt. Harunafuji, and at coal slag heaps dissected by gullies. Calculated values of
average erosion depth obtained from equation B of crosion with determined coefficients
show good agreements with measured values at all of these volcanoces and coal slag
heaps. Thus, it may be clarified that the erosion of actual mountain slopes proceeds
through the physical mechanism represented in equation B. Since most of valleys
of the considered slopes are ephemeral because of high permeability, the erosion
process by mass movement is supposed to take a considerably large part. Therefore,
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P ‘ ‘ , it is assumed that the fundamental
sk process of crosion is not altered by
R [ % the duration of erosion and the sort
T e of erosive agent.

I g T In Table 1, physiographic fac-
1 i s | tors and cocfficients of measured
i j i O “nard]  slopes are shown. The values of m’

10 EE

B (cogree and #’ are about 1 independently of

Fig. 12. Relation of the angle of the lower end of the location, size and erosional

the slope () to the degree ol dissection (Rr). stage of the slope. This means that

the dominant erosive agent is almost

the same in every case. The values obtained from formulas for tractional load are

in a range from 0.9 to 1.75.  The value of s’ is nearly equal with that of #’ at each
slope. Therefore, equation (2.19) can be modified as follows:

E=K(Isin 6—1Isin 8,)". (3.2)

As [sin #, may correspond to the critical tractive force, physical meaning of the above
equation is clearer. The values of m' and »’ are supposed to be related to the kinds
and aspects ol occurrence of the erosional phenomena which take place there and to
the local variations of erosional factors such as infiltration capacity, vegetation cover,
and lithology. The coefficient K may be termed erosional cocflicient. Erosion rate
can be assumed by dividing K with the period of erosion.

It is generally observed at volcanoes that the outlets of larger valleys are situated
at gentler portions of the foot of the mountain. This may be caused by the fact that
the larger the valley is, that is, the larger the drainage area is, the gentler is the gradient
of the bed where the tractive force of flowing water decreases down to a critical value.
In T'ig. 12, the relation of the angle of the lower end of the slope 8, to the degree of
dissection D, is shown. The value 0, is the angle of the average profile where average
erosion depth comes to nearly zero. In some volcanoes f,, is slightly different from
6,. The degree of dissection was calculated with R/fr, where R is the average amount
of slope recession and » the horizontal distance of the slope. Iigure 12 shows that
as erosion proceeds §,, decreases, that is, the outlet of the valley is extended to a gentler
part. The values for volcanoes of which #’s are about 2 km are shown with black
circles in Fig. 12. In this case the correlation is clearer because the effect of the size
of the slope is climinated. Thus, 6, is thought to be a function of erosional stage.
There is a certain upper limit for the increase of drainage area because the size of the
mountain is finite and the necighboring valleys exist. Hence, 0, may have a lower
critical value. By Tig. 12, the value of about 9° is suggested for the critical value.
The values ol coal slag heaps are very much apart from a regression line since the
slopes are very small.

3.3 Application of Equation A

Here, we consider the applicability of equation A of erosion to actual processes.
The values of # and # of equation A cannot easily be obtained by the method of
least squares since the equation is non-linear with regard to unknown coefficients.
Then, we take n=1 for simplification. Thus, d sin 6/d/ corresponds to the curvature
of slope. In order to determine the value of m, calculations were performed by giving
various values for m. Calculated values agree quite well with measured ones when
the values of m are set at 1.8—2.0. This means that the value of « in cquation (2.8)
is about 3 in the case of steep slope. Then, we take m=2. The value of d sin 0/d!



Report of the National Research Center for Disaster Prevention, No. 8, February 1974

‘Hc‘lruhaf!‘ujiF | | ‘ 1‘ J, E:k:’%—[ﬁ»f‘kzls!ns
2} )}J/r/a—;_f /‘f/ oq\&\\, k1=0.0089

i K ke-0.0256
¢ EL 7. 20 L
E Mvenfatsl T T T T T 7 T T 7 [wdoet
=1 e 1 | t T i = T y

i T S
2200 180 1400

F [ [
mﬂﬁ_@- - 1 '
| ki2=0.0180 ‘ 0 i 002)5'5? | S
10— e e T -
¢ | ke —0.0280
g I [ | \ L b
T80 20 (]
T T | I
Maefb rdnol | | | | gt Q| |
30 ! | | ! T — | Y Lo
N [m:omzs”iri *
| | k2=0.0891 | | | |
aq/ | | | i |
TRD 1000 30
elevation (m — measured
o calculated

Fig. 13. Comparison of measured amount of erosion depth with the
calculated. By equation 4.

was calculated by —&{(hy.1—h,)/PT—(hy—h,_,){SP}ST. The curvature of slope is
changed considerably even by slight local distortions of the slope and cannot be ac-
curately measured by the simplified mcasurement. Therefore, we try to apply equa-
tion 4 to the slopes whose shapes are fairly uniform. The south slope of Mt. Nantai,
the slopes of Mts. Harunafuji and Maefurano and the east slope of Mt. Yotci were
chosen from among the slopes previously measured.

Comparisons of measured values with calculated ones are shown in Fig. 13. The
coefficients of the first and second terms of the equation used for calculation were
obtained by the method of least squares. Calculated values fluctuate considerably
in the cases where the distortions of average slope profiles are fairly large. Never-
theless, both the values agree well with each other at every slope. Correlation coei-
ficients of calculated values with measured ones are 0.934 for Mt. Harunafuji, 0.941
for Mt. Nantai, 0.970 for Mt. Maefurano and 0.937 for Mt. Yotei. All of the correlation
coefficients are highly significant. Thus, it is confirmed that equation A represents
the erosional mechanism acting on actual mountain slopes here measured. Equation
A has a more general form compared with equation B, since equation 4 is thoroughly
theoretical and its physical meaning is clear. The first term of the right-hand side
of equation A gives the amount of deposition at the concave parts of slopes. There-
fore, it can well represent the disappearance of valleys and the transition from an
erosional to a depositional area at the base of the mountain.

In the previous consideration, topographic factors were measured by the average
slope profile shown by MPN in Ilig. 2. As the curvature of slope which is affected
sensitively by local distortions of slope profile is concerned in the case of equation
A, we try to calculate by the calculus of finite differences instead of the simple method.
Rewriting equation (2.12) by using the amount of slope recession R and taking m=2
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Fig. 14. Comparison of measured amount of ) . . .
slope recession with the calculated. Cal- By using the difference equation derived
culus of finite differences. from equation (3.3), the slope profiles in

the succeeding steps of time can be ob-
tained, starting from an initial profile.

In Fig. 14, the result of calculation of Mt. Harunafuji is shown. The calculations
were performed by taking A¢=0.0001, ¢,=0.089 and ¢,=0.296 which are the values
previously obtained. Calculated value of R shown in Fig. 14 is that at {=0.098.
Better agreement is obtained compared with the result shown in Fig. 13. The correla-
tion coefficient is 0.950. If m is determined by the method of least squares, much
better agreement will be obtained. As it is generally considered that the curvature
of slope is a regulating factor of erosion, it may be reasonable to take n=1.

4, CHANGE IN LONGITUDINAL VALLEY PROFILE

4.1 Erosion Process in Valley Bed

We consider the process of erosion in valley bed where erosion is carried on in-
tensely. The dominant erosive agents in valley bed are the tractive force of flowing
water caused by heavy rain and the scouring force of mass movement in the form of
flow.

As the gradient of valley bed is fairly great, the flow can be approximated by
uniform flow. Then, the equation of motion is given by

gsinﬂ—;—;e:(). (4.1)
By using Manning’s formula equation (4.1) is rewritten as
2.,2
sin 0—’}\)—4“[3:0, (4.2)
where R is hydraulic radius. The equation of continuity is
d
Ly, (4.3)

where @ is the discharge, and ¢’ the lateral inflow by rainfall and from valley walls.
Assuming that the cross section of the chanmnel is V-shaped, the relation between
cross-sectional area A and hydraulic radius is represented in the form:

A=cR?, (4. 4)
where ¢ is a proportional coefficient. As discharge is the product of cross-sectional
arca and velocity, equation (4.3) is rewritten as

d{cR)
—a ¢ (4.5)
Trom equations (4.2) and (4.5),
Bc KA sin'/?# dR
3n ai .8
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is derived. Solving cquation (4.6), hydraulic radius at the distance / from the divide
is given as follows:

- q'nl i 4.7
—(csin‘f“"ﬁ) ' 4.7)

Then, the tractive force of flowing water at / is shown in the form:
t=al*® sin®/" g, (4.8)

Equation (4.8) has the same form with equation (2.7). Trom formulas for tractional
load, the equation of continuity of sediment discharge and equation (2.13), an equa-
tion of erosion having the same form with equation (2.12) can be derived. In this
case the values of m and # are supposed to be smaller. The value of K is large as
g’ is much greater than g. Erosional mechanism of mass movement flowing down
in the channel is also shown by equation (2.19). The volume of debris flow increases
gradually as it flows down in the channel, gaining part of bed material and debris
which is supplied from valley walls. Since the debris flow runs down in the limited
channel, it is easily recognized that the erosive force acting on a unit width of the bed
is a function ol /.
4.2 Change in Longitudinal Profile of Radial Valley

The average slope profile previously considered is an imaginary profile obtained
by burying valleys with the materials of ridges and by smoothing the slopes uniformly.
Then, we measure the amount of change of longitudinal profile of a radial valley which

is an actual landform, and consider the applicability of equation B to it. Radial
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valleys here considered are [Furunagi of Mt. Nantai, Itazasawa of Mt. Iwate and the
three main valleys of the measured part of Mt. Harunafuji. The amount of under-
cutting of valley bed E, was measured by the difference between initial slope profile
and longitudinal profile of the valley bed.

The comparisons of the calculated values with the measured are shown in Fig.
15. In this case too, both the values agree with each other quite well. Correlation
coefficients are 0.962 for Turunagi V., 0.977 for Itazasawa V. and 0.976 for Mt. Haruna-
fuji. All of them are significant at the 0.001 level of probability. Thus, it can be
clarified that the change of longitudinal profile of typical radial valley is carried on
through the physical mechanism represented in equation B. The values of ' and
n’ are smaller in this case as supposed previously.

4.3 Development of Radial Valley

From the result that the changes of average slope profile and longitudinal profile
ol a radial valley are described by equation B, the following simple process of radial
valley evolution can be assumed that the crosion process at a valley bed is dominant
and the recession of valley walls proceeds in proportion to the amount of undercutting
of the valley bed, keeping the similarity of the shape of the cross section. It can be
recognized by observation of dissected volcanoes that the cross section of radial valley
is generally V-shaped. Ishii (1970) observed that the development of the valleys
at the south slope of Mt. Nantai had been carried on by parallel recession of valley
walls keeping the V-shaped cross section. When the size of the valley is small, the
erosion of valley walls is thought to be carried on mainly by spontaneous mass move-
ment. In this case it is easily recognized that the parallel recession of valley walls
takes place.

In the cases shown above, if the erosion of valley bed is carried on by the mech-
anism represented by equation B, the change of average slope profile also follows it
in consequence, since the depth of the valley keeps its proporticnality to the cross-
sectional area. The applicability of equation B which is derived from assuming
uniform sheet erosion throughout the slope to the highly dissected volcanoes, of which
valleys are deep, can be explained by the assumption.

4.4 Change of Valley Bed of the Dashibara Valley

The periods of erosion of the slopes thus far congidered are very long except for
those of coal slag heaps, and the measurement ol the amount of erosion by the mor-
phometry was performed based on some assumptions. Then, we consider the erosion
process of valley bed by using the data obtained by direct surveying. The surveying
of the change of stream bed has been performed lor many streams in Japan by the
public organizations,

Judging from the character of the cquation of crosien, the valley which satisfies
the following conditions may be favorable [or consideration: the gradient of the
channel is relatively steep, artificial structures Iike debris barriers do not exist, the
distance between stations is relatively short, the amount of the change of the bed is
large. Namely, the valley where the effects of topographic factors are not offset
seemingly by thosc of other factors is favorable. The Dashibara valley, a tributary
of the Joganji river, is a rarc case where the conditions are satisfied. The Dashibara
valley has been formed by the redissection of mud flow terrace formed by the large-
scale landslide of Mt. Tombi in 1858. Intensc erosion is now in progress. The
drainage area is about 4 km2 In the lower course of the river, the terrace is deeply
dissected and the valley wall shows a badland topography.

The surveyings of the deepest bed clevation were performed in 1951-—1965.

o B e
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Debris barriers now existing were not vet
constructed then. Considered part of the
channel is from the stations Nos. 1 to 17
where topographic conditions are fairly uni-
form. The distance between stations is 50
m and the average gradient of the measured
part is 1/6.7. Since the period of erosion is
short and the amount of deposition is sup-
posed to be great, we try to apply equation
A which may have general applicability.
Channel length of the station No. 1 was cal-
culated to be 4 km by dividing the drainage
Fig. 16. Map of the Dashibara Valley. area with the average width of the consid-
cred part. From this, the value of  for every
station was calculated. By a profile obtained by averaging all of the profiles which
were obtained by surveyings during the period, the gradient and the curvature of the
bed were measured. In Ifig. 17 longitudinal profiles in 1951, 1959 and 1964 are shown.
The applicability of equation 4 can be confirmed by the existence of relative agree-
ment of local variations of surveyed values with those of calculated ones. There-
fore, the calculated value was obtained simply by determining the ratio of the coefli-
cient of the term proportional to the gradient of slope  with that of curvature X,
by the method of least squares.

The relation between the surveyed values and the calculated in the period 1951—
1959 during which surveying was performed every year is shown in Iig. 18. Correla-
tion cocfficient is 0.768, which is significant at the 0.001 level. It may be rather
natural that the data are scattered fairly apart from a regression line, since the amount
of change of the deepest bed elevation is taken as the amount of erosion depth, and
the change of channel width and bed materials with locations and the effect of con-
fluence with tributaries are neglected. Thus, it can be supposed that the change of

{ | |
5
120
2 === 1959
W —-— 1964
GLY i i 1 B
" enbz
0 iom an
, | Ec (0.087 PKu+l])
o 10 D
Btetion Re Fig. 18. Relation of surveyed amount of
Fig. 17. Longitudinal profiles of the Dashibara the change of valley bed (Er) to the
Valley. calculated (E¢), 1951—1959 (1).
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Fig. 19. Relation of surveyed amount of Fig. 20. Relation of surveyed amount of
the change of valley bed (£,) to the the change of valley bed (E,) to the
calculated (E.), 1951—1959 (2). caleulated (E;), 1959—1964.

valley bed is carried on through the mechanism described by equation A.

The relation of the surveved values to the calculated ones obtained by putting
! as constant is shown in Fig. 19. Highly significant correlation is obtained in this
case too. The reason of the high correlation may be that at a short range of a channel
located far in a large distance from the divide, the cficct of I is seemingly eliminated,
since the amount of lateral inflow is very little compared with that of the flow from
upstream, and the increase of discharge by lateral inflow is partly offset by the in-
crease of channel width. However, the factor of / must not be neglected, judging
from the character of the phenomenon.

The result obtained by the data in 19591964, during which the valley bed
rose by about 8 m near the mouth of the valley by debris flow, is shown in Fig. 20.
Corcelation coefficient is 0.622, which is significant at the (.05 level. During the
period the surveying was performed only two times, in 1959 and in 1964¢.  Topographic
factors were measured by the profile obtained by averaging these two profiles. The
low correlation may be partly due to this. The data from the stations Nos. 13 to
17 were excluded because abnormal values are presented by the alteration of the
standard elevation,

Debris flows have occurred frequently in the Dashibara valley. During the con-
sidered period, large-scale debris flows occurred in 1952 and 1963. Ilence, the change
of the valley bed is supposed to be carricd on mainly by debris flow. Then, it may
be assumed that the erosional mechanism of debris flow is described by equation
A, and that the fundamental process of erosion may be similar, independently of the
period of erosion and the type of erosive agent.

5. ON THE ROLE OF INDEPENDENT TERMS OF GRADIENT
AND CURVATURE OF SLOPES

5.1 Multiple Regression Analysis
As we have seen in the previous section, the equations of erosion in which the
slope length is an important factor have been derived by assuming that dominant

— O
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erosive agents in humid regions are the tractive force of running water and the scour-
ing force of materials of mass movement, and the calculated values obtained from the
equations agree well with the measured values at many actual slopes. Therefore,
the consideration presented thus far may be correct in general. However, there exist
some erosion processes in which the transporting medium does not intervene and the
location on the slope is not concerned.

Culling (1960) presents that the process of soil creep is related to the curvature of
slope. Spontaneous mass wasting under the action of gravitational stress is affected
by the gradient of slope. Several investigators such as Culling (1960), Scheidegger
(1961), Hirano (1966) and so on studied the process of slope development by using
mathematical models which were composed of independent terms of the gradient and
curvature of slope. Since equations 4 and B apply well to actual processes, it may
safely be concluded that these independent terms can be neglected. Then, in order
to confirm this, we try to test the significance of the terms by multiple regression
analysis.

A modified equation of crosion obtained by adding the terms of the gradient and
curvature of slope into equation B is

E=8,/™ (sin 0—sin 0,)" + , sin 6 + ﬁadix(tan o), (5.1)

where unknown quantities are 8, fla, s, 7' and #’. Since the equation is non-lincar
with regard to unknown quantities, calculation by the method of least squares 1is
very troublesome. However, the proportion of the first term of equation (5.1) is sup-
posed to be so great that the values of m’ and #' previously obtained can be given
approximately. Thus, multiple regression coefficients f,, , and §, are easily cal-
culated.

Multiple regression analyses were carried on by using the data of the slopes pre-
viously considered where the accuracy of measurement was supposed to be high.
Slopes taken up were the south slope of Mt. Nantai, Mt. Harunafuji, Mt. Maefurano
and the Ttazasawa valley of Mt. Iwate. They cover a fairly wide range of stages of
erosion. The results of #-test of regression coefficients and simple correlation coef-
ficients of the first terms y; are shown below. The number of the data is denoted
by . Data of the upper slope where the accuracy of measurement was supposed to
be low were excluded. The inequality £,>»{,(N—4) means that the regression coef-
ficient of the #-th term is significant at the « level of significance. When the sign
of the inequality is reverse, it means that the coefficient is not significant even at the
« level.  The values of m’ and #' were set at 1.0 for simplification.

Nantai, south (N=14):
1 >0 (10), 2,<to.0 (10), £,<ty, (10),
7, =0.983;

Harunafuji (N=10):
t1>fu.001 (6)’ \{2‘>tn.nﬁ ‘(6): 13 lo1 (6),
¥, =0.977;

Macfurano (N=12):
B> bhon (8), 1,<lo1 (8), #,<tos (8),
71=0.986;

Ttazasawa (N=11):
f1>fo.uol (7}. £ty (7). fs<io.1 (7),

7r1=0.974,
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change of the amount of erosion depth. be very high, from the result obtained

it can be supposed that the gradient

and curvature of slope by themselves are very little, at least not important factors
of erosion. Their function may be limited to local processes of transportation and
deposition. A dominant process may be represented by a function in which the factor
of location on the slope is an important one. When we study actual processes of slope
erosion, it is necessary to consider not only the kind of process but also the magnitude
and function of it on actual slopes. As shown earlier, abrasion due to materials of
mass movement is considered as a dominant process. At the location of its occur-
rence, spontaneous mass movement must take place. Therefore, the term of gradient
of slope cannot be neglected.
5.2 Relation of Curvature of Slope to the Change of the Amount of Erosion

Curvature of slope by itself could not be recognized as a significant factor of
erosion. It may be related to erosion in the form as shown in equation 4. Therc
are some kinds of processes in which the curvature of slope by itself is an important
factor like soil creep. Then, we consider the relation of the curvature of slope to the
change of the amount of erosion. In Fig. 21 the altitudinal changes of the curvature
of slope are shown. The local minimum point of erosion depth is shown with a down-
ward arrow and the local maximum with an upward arrow. TIrom the figure the
following tendency can be noticed, that is, at the place of local maximum or minimum
of erosion, the curvature of slope is also at its local maximum or minimum, though
the reverse is not always true. Namely, it represents that at convex or less concave
parts of the slepe, erosive action is relatively strong compared with the neighboring,
more concave parts, and hence the amount of erosion is relatively large. At concave
parts the reverse is true. By this process the ruggedness of slope tends to be elimi-
nated.

6. PROCESSES OF SLOPE DEVELOPMENT

6.1 Derivation of the Equation of Slope Development
Equations 4 and B of erosion give the amount of change of a slope in a given time.
From these equations, equations which represent the change of the amount of slope
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degradation with time can be derived. The rate of ero-
sion AE|At is given by equation (2.12) as follows:

AE m d

A T
The sign of the gradient of the slope is minus, since the
. slope profile is represented by the curve sloping down
toward x. Since AE is measured normally to the slope,
we convert it into the amount of degradation. By Fig.

(—sin 8)*— k™ —sin #)". (6.1)

dx
Fig. 22, Method of calcula-

tion,
29,
4E=ducos
2y -1/2
sl {1+(d”) } (6.2)
d
is obtained, where # is vertical distance, and x horizontal distance. Using the rela-
tion
; du du\® H*
f=2%11 , 6.3
sinf=- { + ( dx) } (6.3)

and representing with a partial differential equation, as # is a function of x and ¢,
equation (6.1) is transformed into

w=ne g -G TG
—sz’“*‘(*%i{“(3%)2}*”2]“{“(%-ii)”}””’ 6.0

dl=dx{l+(g—z)z}l'm, z:ja{u(%)} dx.

Equation (6.4) is a complicated non-linear partial differential equation, which is in-
convenient for theoretical consideration. And, for simplification we assume as [ol-
lows: supposing that the flow caused by rainfall is the dominant agent, / can be re-
placed with x because the amount of rainfall is proportional not to / but to x, and as
(31)3x)? is relatively small, in general, on mountain slopes, we put 1--(du/éx)*=l
and by using the result of measurement, we put n=1 in order to make linear. Thus,
equation (6.4) can be simplified as follows:

du _ 3 au U
ar Tt ox°

Here, this is called equation A4 of slope development. It may be allowed to put mi=2
when we make theoretical consideration. Equation (6.5) is an extended equation of
diffusion. The result is reasonable since the slope erosion is a kind of non-reversible
process of diffusion of the material forming the slope.

Culling (1960) presented the following equation of slope development by a con-
sideration of the process of soil creep:

where

(6.5)

ou _ 5 a'u
ot ox®
Scheidegger (1961) derived
ou _  Bu | ﬁu)‘
ot =~ axn 1+ (5
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by a simple deductive consideration of physical process. Hirano {(1966) proposed the
following equation as a mathematical model of slope development of a finite mountain:
ou _ 0w |, ou
at %o Vo
Most of the models proposed so far are composed of independent terms of the gradient
and curvature of slope, and none of these have a [actor of position. Since the mag-
nitude of erosive agents is a function of location, mathematical models of slope de-
velopment should have the term incorporated. Takeshita (1963) obtained the follow-
ing equation by the observation of landslide experiments:
4E 1
T—(fﬂrav Ji)sin 8,
where % is vertical distance from the upper surface of the slope. This has a factor of
location.

In the same way as in the case of equation A, equation B is transformed into

dE _

=K (—sino -1, (6.6)
Then, from equation (6.6) the following cquation is derived:
du_ me’( o Ic). (6.7)
ot ox

This is called equation B of slope development.

By equations 4 and B, slope deformation does not occur at the top of the slope
where x=0. 1In a previous consideration, abrasion due to materials of mass move-
ment was taken up as a dominant transporting process. At the point of occurrence
of mass movement, spontancous landslide must take place. Then, by adding the
term of the gradient of the slope to equation (6.7),

au a

at E
is obtained as an extended equation of equation B. The extension of the equation
is made only about equation B which is easily solved analytically. Since the signifi-
cance of the term of the gradient of slope could not be admitted, it may Tepresent
the process much better to make only the top of the slope degrade by giving a proper
boundary condition supposing that the top ol the slope is a singular point. Erosive
factors like geology, climate, vegetation and so on may be represented in a function
of location, and as shown previously, 0. is a function of erosional stage, hence that
of time. Then, equation (6.8) can be generalized as follows:

ou

- lemf( w, IB) +K,2 (6. 8)
X 0x

(74
X

o _ e, ur{ 2 +g(r)} L (6.9)
t a ox

6.2 Application of the Equations of Slope Development to Actual Processes

As equations 4 and B of slope development were derived by considerable simpli-
fication, it is necessary to confirm their validity by applying them to actual processes
of slope deformation. We choose the south slope of Mt. Nantai and Mt. Harunafuji
as cxamples. The amount of slope degradation 1) was measured simply by D=
Rtan{. Calculated values of D was obtained by numerical calculation of the dif-
ference equations which were derived from equations A4 and 5. The gradient and the
curvature of the slope at x,, and at f—n.I¢ are approximated by
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of measured amount of degradation with the calculated by equa-
tion B of slope development.
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(58) T e e) e
Similarly the rate of slope degradation during 4¢ is

ou Umnr — Hpyn
(E>m,n=#_ ’ (6. 12)

By the difference equations obtained by substituting these relations into equations
A and B, the slope profile at the time step #-+1 can be calculated by that at the time
step n if the initial profile is given.

x'm-t-l,nﬁxm,n xm,u—xm—l,n
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In Fig. 23 solid lines show the change
ol calculated values of D with time which
are obtained from equation 4. Calcula-
tion was performed by taking m=2, dt=
0.0005, £,=0.006 and k,=0.015 using an
electronic computer. The values of 2, and
kyare those obtained previously. Since the
shore of Take Chuzenji lies at x—=2,260,
the boundary condition (84/01), s, =0 15
given. DBlack circles show the measured
amount of 7. The measured amounts of

Fig. 26. Diagrammatic map of Mt. Haruna- D change in parallel with the calculated.
fuii in future. The measured value is in the stage of
f{=1.2. Thus, the wvalidity of equation

A of slope development may be confirmed.

In Figs. 24 and 25, the case of cquation B is shown. The value of m' ol Mt.
Nantai is set at 1.0 and that of Mt. Harunafuji at 1.1 as a result of measurement.
Calculation was performed under the condition that the degradation of the top and
bottem of the slope is zero. In the case of Mt. Nantai, the measured value agrees
quite well with the calculated at /=0.3. In the case of Mt. Harunaluji, the measured
value agrees with the calculated at {=0.4. By the results the validity of equation
B may be confirmed.

Calculated average profiles of Mt. Harunafuji at #=1.0 and {=2.0 are also shown
in Fig. 25. A diagrammatic topographical map of Mt. Harunafuji in future can
be drawn by the profiles. TFigure 26 shows the map obtained by the supposition that
valleys lie at regular intervals, their cross section being V-shaped and valley-side
angle being 30°. At the altitude of 1,320 m the initial surlace begins to disappear
at {=2.0. At the lower part of the slope the initial surface is preserved over a long
period of time. Assuming that Mt. Harunafuji is as old as Mt. Futatsudake, a
neighboring lava dome which is supposed to have been formed 1,400 years ago, the
profile at {=1.0 shows that 2,000 years later and the profile at {—=2.0, 6,000 years later
on the condition that climatic factors remain constant.

6.3 Processes of Slope Development by Equation 4

Putting m=2, equation (6.5) is rewritten as follows:

0 00m
S

o' ky Ou 1 6u

R L (6.13
ox*  kix dx  kx* Ot (6 15)
By the transformation y=cxp(y/%X), equation (6.13) is reduced to
Bu | Ry—h 0w _
Xt ot Nk X & 1A
By the transformation
i _ki—ks
u=Uexp (KX), =2J%,"
equation (6.14) is reduced to
U aU S
U3 _gey=o, (6.15)

where the term of 8U/aX is eliminated, but the term of U is appearing. Then, further
transformation U7="Vexp(—K?) is carried on for elimination of the term of U. Thus,
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we obtain
PV 3V _
oX! ot
This is the diffusivity equation of one dimension, whose solution is well known. The
solution which satisfies the initial condition V,.,=g(X) is given by
1 = [ e—~&F Vs
- £ — &= A7 lge, .17
1% 2\/:r1j. gv(a)expl i £ (6.17)
Then, we give u,_,= f{x) for the initial condition expressed by # and x. This initial
condition is rewritten as

0. (6. 16)

V=exp (- KX) f{exp (v ki X)} (6.18)
Then, by the inverse transformation
X=— /1 Inx,
v
V=exp (K)x~ £/~ y, {6.19)

the solution of cquation (6.5) with initial condition u,.,= f(x) is given by

e
u=exp (— K xE/vh 9 1/ j exp (- K&) flexp (k&)
~rt) .

(£—1n xV/+ia)?
lns }dg, (6.20)
where x¥220, since it is the distance from the divide.

Let us consider the general processes of slope deformation with the lapse of time
which are obtained by solving equation 4 under various conditions. In case A.l
of slope development, the initial condition is given by the following exponential curve:

u=10exp (—0.1x—0.4), {6.21)
which has a similar form with the profiles of general strato-volcanoces. The change
of slope profile with time is obtained by numerical integration of equation (6.20) as
shown in Fig. 27. The rate of slope degradation decreases with the lapse of time.
In the carly stage of erosion, deposition takes place at the foot of the slope with de-
creasing speed. At about {=0.4, deposition ceases and thereafter gradual redissection
is carried on.  As a result of measurement, R_,./r=0.00—0.1 is obtained as a rough
criterion which represents the stage when the initial surface begins to disappear at a
certain altitude. In Tig. 27 the stage corresponds to the profile at {=0.2—0.4. Al
though the applicability of the equations of erosion is not confirmed by morphometric
mcasurement in the later stages, profiles at larger values of ¢ are presented to show
the change of slope profile clearly in the figure. Thercfore, we do not necessarily
assert that the upper slope becomes so steep as shown in the figure. Around the sum-
mit the slope degradation may take place by spontaneous mass movement accelerated
by steepening of the slope. Nevertheless, the upper slope may become stecper alter
all, since the erosive force is thought to be relatively weak there. This may be rec-
ognized by observation of highly dissected volcanoes. The relative ratio of the
coefficient of the second term to that of the first, ky/k;, is set at 1.5, in order to make
agreement with observed facts. In case ky/k,—2.0 which is obtained directly from
cquation (2.12), a valley is prolonged to a place where the slope is too gentle. Cal-
culated values of the ratio are 3.3 at Mt. Harunafuji and 2.4 at Mt. Nantai. The
difference may be due to local variations of erosive factors, especially that of infiltra-
tion capacity at actual mountain slopes.

xexp{—
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Fig. 27. Slope development in case A.l.  Initial profile has a

similar form with the profiles of general strato-volcanoes.
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Fig. 28, Slope development in case A.2. Development of slope
with the boundary condition (81/8t)z=3o=10.

As is often the case, there is a river at the foot of a mountain and the material
from the slope is carried away by the river. This situation is expressed by the
boundary condition that the slope deformation does not occur at the bank of the
river. The solution of equation (6.16) with the boundary conditions V,.,=g(X),
V=0 1s

= 2 2
v=y ol o —eexs - EE 0 —enp [ LEEE X a6

Then, the solution of equation (6.5) which satisfies the boundary conditions #,.,=
flx) and u,.,=0 is obtained by the same inverse transformation given by equation
(6.19) as follows:

- 1 B I
u=exp (— K*)xkivks z—ﬁij mp =l A

s flemp (In Lo/ AT} wap | — (BB £ -5 ]
B S 4t i
—exp {7 IR ing Wl }]dg. (6.23)

Figure 28 shows case A.2 where the boundary condition (8u/8f),.,,=0 is given.
Slope deformation at the foot of the slope is small within the limit of small values
of ¢ in which the disappearance of the initial slope does not occur. This case is more
actual than case A.1 where the amount of deposition at the foot is large. At an
actual foot of a mountain the redissection of a depositional surface does not occur so
intensely as shown in Fig. 28 due to high permeability. Zone of erosion is extended
gradually to the lower part of the slope. This extension is confirmed by the measure-
ment.
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(811]0t) =15 =0. Fig. 30, Change of the degree of erosion

Case A.3 shows the change of a slope profile V) with et

under the boundary condition (8u/d¢),-,,=0.

The result is shown in Fig. 29. The gradient of the initial profile at x=15is 8.5
degrees which is nearly equal to the value of 6, of volcanoces in their early mature
stage. Therefore, the result can be compared with that by equation b.

Here, we consider the change of the amount of slope deformation with time by
using the profiles shown in Fig. 29. Supposing that the shape of the mountain is
conical like uniform strato-volcanoes, the degree of the decrease of the volume was
calculated for each profile. In earlier stages the rate of dissection is large, but after
about one-third of the mountain is eroded the rate decreases rapidly. Suzuki (1969)
stated that the erosion rate of volcanoes changes with time in the way represented by
a logarithmic curve. Nevertheless, the curve shown in Fig. 30 is not logarithmic.
The degrees of erosion of the volcanoes whose ages are estimated were measured.
The absolute value of ¢ in Fig. 30 can be obtained by plotting the values on the curve.
In this case ¢=1.0 corresponds to about 2.3x 105 years. Then, after 3 x10° years
half of the volume of the mountain is eroded and after a million yecars about 80%
of the volume is eroded away. These values may be reasonable considering the fact
that the volcanoes formed in Tertiary Period are not existing. Average rate of erosion
of young volcanoes is calculated to be about 1.0 mm/year.

Case A.4 shows the change of a slope profile which is convex at its upper part
and strongly concave at its lower part. Initial and boundary conditions are given by

#,=5exp {—(0.15x)%}, (‘;—1;) =0. (6. 24)
The result is shown in Fig. 31. Slope degradation proceeds rapidly at the upper
convex part, because the curvature of the slope is positive there, and the first term of
equation 4 gives the amount of degradation. Therefore, the convex part soon disap-
pears and a steep concave slope is formed. At the lower comcave part, deposition
occurs in an earlier stage. As a result, concavity becomes weak and redissection
begins. -
Case A.5 shows the change of a straight slope. Some of volcanic cones have
nearly straight slope. Initial and boundary conditions are given by
;o=5—0.0x, 10=x=0; u,_,=0, x>10; u,_,;=0. (6.25)
The result is shown in Fig. 32. In the initial stage the aggradation of the slope takes
place at x=10 which is a flexing point. Then, the effect extends upwards and down-
wards, and the zone of deposition is enlarged. At a maximum, the upper limit of
depositional zone is situated at x=7.5. Thereafter, redissection is carried on and the
degradation of the slope takes place in the entire range of the slope. This process
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Fig. 32. Slope development in case A.5. Initial
slope is straight.

cannot be represented in the figure, because the amount of change is very small in
the stages of small values of ¢.

The cases shown above suggest that in highly dissected stages a similarly concave
slope is formed irrespective of the shape of initial profile. As shown in Fig. 33 the
profiles of large values of ¢ are almost linear in semilog papers. Therefore, graded
profile of average slope formed by crosion and that of longitudinal valley profile can
be approximated by a logarithmic curve. This is confirmed by the measurcments
of radial valleys.

By equation A the degradation of the top of the slope cannot be shown, and
an unnatural steep slope is formed in the stages of large values of £. The summit
can be denuded by giving the boundary condition #,.,=u,—f(f), but the physical
meaning is not clear and it is difficult to give a recalistic rate of degradation. At
stecp parts of slopes, degradation due to spontanecus mass movement may be a
dominant process. It can be supposed that when the slope becomes too steep, spon-
taneous mass movement will occur frequently and the angle of the average slope will
be reduced to a certain reposed angle in the long run. By morphometric measure-
ments, 397 is obtained for the slope angle of the upper part of Ohsawa of Mt. I'uji
and 37.5° for that of Mt. Rishiri and that of Furunagi of Mt. Nantai. Then, 40°
may be a realistic value for the reposed angle.

Case A.6 shows the process of slope deformation obtained from equation (6.5)
under the condition that the average angle of the slope between x=0 and x=1 is
reduced to 40° by the degradation of the top of the slope when it excceds 40°. Equa-
tion (6.5) is approximated by
— 2ty T Um-1,n

(dx)?

+k2(m—1)dx%;"“i. _ (6.26)

_zfm_,n%u__um,u :kl{(M*l)Ax}z um+1,m
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Formation of convex hilltop.

are supposed.

Then, we consider the cases where the divide recedes.

By equation (6.26) the value of «
at the time step (#-+1) /¢ can be
obtained from that of # at the time
step ndf.  Calculation was per-
formed by putting k=1, k,=1.5,
Ax=0.5 and A{=0.0005. The
result of numerical calculation
is shown in Fig. 34.

Taking a microscopic view, a
convex slope is generally formed
at the top of the slope. This
may be caused by the fact that
the condition 737, which is a
premise of derivation of the equa-
tion of erosion, is not satisfied near
the divide. The width of the belt
of no erosion differs with the in-
tensity of rainfall. At the time of
heavy rain, erosion occurs from
just below the divide. I'requency
distribution of rainfall intensity is
generally shown by an exponential
curve. Therefore, near the divide,
the cumulative amount of effective
runoff in the long period of time
increases rapidly with increasing
distance from the divide. This in-
dicates that the value of m of equa-
tion (6.5) is much larger within a
certain limit of small values of x.
TFigure 33 shows case A.7 in which
m is set at 4 within the range of
0< x<1. This is identical with
replacing & with k4%  Calculation
was performed by cquation (6.26)
with the initial condition w;=5—
0.4x. Convex slope is clearly formed
near the top of the slope.

In the cases shown above, the
divide does not move since the
slopes like those of voleanic cone
We suppose

that an available catchment area of the valley, which is formed at the side slope of
a plateau, is limited within a certain distance from the head of the valley, and the
area is enlarged with headward erosion of the valley in proportion to the amount

of the extension.

ou

a—i:kl(x—[+at)

-
5 0

i}

i ou
?2*""’;?5(3?*[4?&1;)67&_‘

Equation of slope development in this case can be given by
modifying equation A asfollows:

(6.27)
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ment of slope in case the divide recedes.

where [ 1s a constant which represents the length of the flat land surface and is much
greater than af.  The rate of headward extension is supposed to be proportional to
t. The value of x—[+at is positive since it represents the distance from the divide.

In case A.8, the process of slope deformation obtained from equation (15.27) under
the initial condition

y=5, 0<x<10; sy =5—x, 10=x=15; 2,=0, 15<x; (6. 28)

and the boundary condition #,_,,—0 is considered. Equation (6.27) is approximated
by the following difference equation:

Upg 1~ U o oty — 2t o+ U1
oL M 7 Y Cifr— S TIE . ) »n
T, {m—Ddx—I+alm—1)4t} ()"
+h{(m—1)dx—1+alm—1)4t ) St Uiigan, Ll S, (6.29)
5 £ ( ! ., ;
24x

Calculation was performed by putting a=5, I=9, =1, k=15, dx=0.5 and At=
0.0005. The result of numerical calculation is shown in I'ig. 86. This may be taken
as a model of the erosion of a plateau. The top of the slope becomes rounded.

Case A.9 is a model which shows the development of a radial valley obtained
from equation (6.27). The initial surface between radial valleys is flat and the
process of valley wall recession is similar to that of case A.8. A supposition on the
process of valley evolution has been shown in the previous chapter. Here, following
the supposition, we consider the case where the valley bed degrades at a constant
rate, and in proportion to it the top of the valley wall recedes.  Figure 37 shows the
change of wvalley-side slope obtained by numerical calculation of equation (6.29)
under the same condition as in case A.8. Boundary condition is given by #,.,—
4—>5¢t. The valley wall develops almost always keeping the similarity of the shape
as supposed previously.
6.4 Processes of Slope Development by Equation B

As equation B of erosion does not satisfy the condition of continuity of slope
material, the curves obtained from the equation represent an unnatural deposition
at the lower slope where the gradient is smaller than [,. However, since the cal-
culated values obtained from cquation I agree quite well with the mecasured ones at
many moderately dissected slopes, equation I3 of slope development may be an avail-
able cquation which represents actual process within the limit of small values of £
Equation B is convenient for theoretical consideration as it can be solved easily under
complicated conditions.

Equation (6.9) can be solved by using the characteristic curve. A supplementary
¢quation is given by
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Fig. 38. Slope development in case B.l. Fig. 39. Slope development in case B.2,

Initial profile has a similar form with the Development of slope in case the

profiles of general strato-volcanoes. summit is degraded.

1 filx, W)™ +folx,w)  filx, u)gH)x™
The solution can be obtained by solving these two differential equations under an
arbitrary initial condition.
Case B.1 is the simplest case where equation (6.7) is used and ' is set at 1. The
solution of equation (6.7) with the initial condition {=0, v=x,, #=u, is given by

df _ dx du (6.20)

u=—I{x—x;) +ut,
x,=xek, (6.31)

In Tig. 38 the change of slope profile with the lapse of time obtained by calculating
equation (6.31) with K=1 and [,=0.176, and giving equation (6.21) for the initial
profile.  As the initial slope has a similar form with a typical strato-volcane and the
values of s’ and #” are nearly 1 at most of the measured volcanoes, case B.1 may give
a good approximation of the processes of slope development of volcanoes within the
limit of small values of £. Profiles at larger values of ¢ are shown in figures to show
clearly the change of profile. In the case of equation B which cannot represent well
the depositional phenomena at the foot of the slope, curves are drawn on the sup-
position that the aggradation of the slope does not occur in the considered range of
the slope in the long run, namely, deposited materials are carried away from it after
all. The curves in Fig. 38 bear the resemblance to those in Fig. 29. The maximum
point of degradation migrates toward the top of the slope, keeping the altitude almost
constant. Hence, the profile becomes more concave with time. Longitudinal profile
of the valley in the slope may be much more concave and at the peints downstream
a nearly steady state may be realized.

In casc B.2, the process described by equation (6.8) is presented. Putting m'=1
and giving equation (6.21) as the initial condition, the solution of equation (6.8) is
given by

N Kax+K, |
sl K, il /TN A

= y J§1x+1(g Kb Kg 6.92
S K’ {6-35)

In Fig. 39 a series of curves obtained from equation (6.32) are shown. The ratio
K,/K, is determined based on the result obtained in the preceding chapter. Then,
the effect of the size of the slope is eliminated. Degradation of the summit is very
slow and the upper slope becomes steeper and more concave. In most of highly dis-
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sected volcanoes, pinnacles and cliffs exist around the summit. This may indicate
that the degradation of the summit is relatively slow.

Cases B.3 and B.4 arc examples in which the erodibility of the composing material
of the slope differs from place to place. In case B.3, a hard rock like a volcanic neck
exists vertically at x—4, and consequently erosion is delayed locally. This state 1s
approximated by giving the curve shown in Fig. 40(A) for the value of f,(x,u) in equa-
tion (6.9). Taking f,(x,u)=0, g(t)=1, and m'=1 for simplification, two independent
solutions of equation (6.30) are

Ix+u=cy,

29
t+§m—)d}f Cas (6.-.)-.))

where ¢; and ¢, are arbitrary constants. Taking
- S
12(x—4)°+1"
general solution of equation (6.9) is approximated by

1 P PO
3lnx 17281[11(.’76 4’+361

filx, u)=3— 1,=0.176, (6.34)

ch:O.l?Gx +u, 4+

S { = .3
+36 arc tan 6{x— 4J 0, (6. 35)

wherc @ is an arbitrary function which can be decided by the initial condition. In
I'ig. 40 the change of slope profile obtained from equation (6.35) is shown. The initial
slope is given by equation (6.21). In an early stage a gentle slope is formed around
x=4 by the local delay of erosion. As the lower end of the gentle part becomes steep
and erosive force acts intensely, even the hard rock is eroded. Consequently, the
minimum point of erosion migrates on the slope upwards away from the hard part.
The distortion of the profile nearly disappears at {=0.5. At the valley bed the knick
point migrates upstream and may disappear in the long run.
In case B.4, a weak rock exists around ¥=3 in a manner expressed by

20

=3 10" (6. 36)

Slx, )=
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The change of slope in this case is
shown in Fig. 41. In an early
stage a convex slope is formed at
the upper slope. The maximum
point of erosion gradually mi-
grates upwards away from the
weak part.

In cases B.5 and B.6, the
difference of the process of slope

formation with the difference of Fig. 42, Slope development in case B.5.
the value of m’ is considered. Difference of slope development with
I'rom the value of x™ it is easily the difference of w2/ (m’ =1.5).

supposed that the larger the value
of s’ is, the faster proceeds the
erosion at the lower part of the
slope.  Giving equation (5.21) as
the initial condition, the solution
of equation (6.7) is

w=—I(x—x,) +u,,

xy={x~ "D — K(m' — 1)},

(6.37)
The value of m' is set at 1.5 in case Fig. 43. Slope development in case B.6.
B.5 and at 0.5 in case B.6. The Difference of slope development with

i - i § 11’ (4337 — {4
results are shown in Figs. 42 and the difference of m'(m’=0.5).

43. In case B.3, slope degradation at the lower slope is rapid and the upper slope
becomes convex. In case B.6, the amount of degradation is fairly uniform at most
parts of the slope, and the slope degradation at the lower slope is slow. This may
partly represent the process of valley bed degradation, since the value of m’ is sup-
posed to be smaller in the case. The rate of erosion in case of m'—1.5 is about
five times as great as in case m'=0.5.

Finally it should be added that in the study of slope development, it must be
avoided to discuss the validity of a model only by the comparison of theoretically
derived profiles with actual slopes, because the initial conditions of actual slopes and
the processes of slope deformation of them are unknown.

7. CONCLUDING REMARK

The mechanism of slope erosion and the process of slope development have been
studied by physical and morphometrical analyses. Calculated values of erosion depth
obtained [rom the theoretical equations of slope erosion agree quite well with the mea-
sured values obtained by morphometric measurements of volcanoes and coal slag heaps
in Japan. Thus, the fundamental process of slope erosion and the change of valley
bed can be clarified. Equations of slope development whose validity is demonstrated
have been derived and general processes of slope development have been studied ana-
Iytically.

In the present paper, the mechanism of crosion was considered under simple con-
ditions, and it was tried to confirm the applicability of the equations by using the
data obtained mainly from the morphometry of slopes and valleys which have favor-
able conditions. Tn addition, the equations derived here have some defects, and
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further study should be done under more actual conditions, using the aids of field
observations and experiments. Three dimensional analysis is also required to clarify
the evolution of a drainage basin.
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