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Abstract

Mathematical development of the water velocity measurcment using sinusoidal
heat input is described. The principle of the method is to use the relation between the
responses of temperatures obtained from two measuring points located on a linc
passing through the point heat source. The solution, which is a sinusoidal heat output
responsive to the sinuscidal heat input, is derived from the cnergy equation in the
fluid using Laplace transform method.

Two methods are obtained from this solution for measurement of the velocity of
fluid. One is the method unsing the ratios of the amplitude of outputs and the other is
the method using the phase differences between outputs. The merit and demerit of

these two methods for practical usc are mentioned.

1) Preface

Natural disasters such as slope failure and landslide have occurred during or short-
ly after heavy rainfall. Especially, the rainfall for two hours before the failure or slide
has been supposed to play an impertant role. As slope failure and landslide are dy-
namical phenomena, not only the accumulation of rainfall but also the movement of
pore water must be measured in order to make clear the causality of the phenomena.
The velocity of water in soil is very slow as is obtained from Darcy’s law or others, hence
in the present paper some considerations should be given to the measurement of water
velocity in soil. As fundamental part of a research project for measuring the water
movement through soil, a method suitable for measurement of low velocity in fluid
was developed. Sinusocidal heat signal was adopted as the input.

A number of phenomena concerning the relation between temperature and flowing
fluid have been used for measureing the flow velocity, and they are classified into the
following three types:

a) measurement of the heat transfer from a heat source to fluid,

b) measurement of the quantitative changes of temperature,

c¢) measurement of the pattern of temperature changes.
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An example of a) is a hot-wire anemometer, which successfully utilizes the resist-
ance changes in the hot wire caused by heat dissipation from the hot wire to the flowing
fluid.  The amount of heat dissipation is so easily influenced by physical circumstances
that calibration is required for assurance ol accuracy in each case of measurement.
Methods of b) are designed so as to find velocities by calculating the changes of tempera-
ture. As the diffusivity of fluid is variable with physical circumstances, applications
of b) have been hardly developed. The method measuring the response to a pulsive
heat input and the method using the correlation function of the fluctuating temperature
(Kashiwagi, 1971) are examples of ¢).

In the case that the conduction of heat need not be taken into account, the velocity
can be measured accurately by the correlation function. But when the velocity is low,
that is, when the conduction of heat cannot be ignored, variations of the pattern of
temperature must be considered. The temperature output responsive to pulsive heat
input is a relatively simple signal to be detected. Even in this method, error may
increase when the conduction of heat cannot be ignored, because the analytical response
to pulsive heat input, width of which is finite, is too complex to be used. The above
discussion shows some difficulty in the fluid velocity measurement using the pattern of
temperature,

R.E. Walker developed a method in which the phase shift of temperature pattern
responsive to the sinusoidal heat input was measured for obtaining the velocity of gas
(Walker, 1956). He used a hot-wire anemometer, because the high frequency char-
acteristics were necessary in order to get high resolution of velocity. The phase shift
varied with the velocity of gas, the frequency of input and the distance between two
probes. One of the probes was a heat source, and the other a detector. An integral
multiple (N) frequency, which was synchronized with the frequency of heat input, was
applied to the abscissa of the oscilloscope, and the output voltage of the detector was
applied to the ordinate. Hence the Lissajous pattern repeated an identical pattern 2 N
times, while the detector was moved downstream until the phase of low frequency
signal, which was applied to the ordinate, changed by 360 degrees. Ignoring the effect
of heat conduction, Walker obtained the velocity by means of calculation of three fac-
tors, namely, the number of repetitions, the distance of detector movement and the
frequency of input signal.  If this method is applied to a flowing liquid, the discussion
becomes more complicated, because the termal diffusivity of a fluid is not negligible
gencrally.

In the present paper, the methods using sinusoidal heat input is discussed in order
to measure the velocity of fluid. In the following sections, the analytical solution of
the energy equation, in which the sinusoidal heat signal is applied as the input, will be
derived. Two applications of this solution will be described. One is a method using
the ratio of amplitudes of temperature outputs, and the other a method using the phase
differences between the outputs of two serial measuring points,
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2) Energy equation of fluid

In a portion bounded by a closed surface S in a fluid the input energy is equal to
the sum of the increase of internal energy, the energy cffluence by conduction and that

by flow of liquid. This relation is written as
i = 9d 1
gdv =\ “¢dv + \ J-nds + \ Quv-nds (1)
v v at 8 s

where g is the input energy (J-m—2.5-1), Q the internal energy (J.m~3), J the vector of
energy effluence density (J-m=2-s71), n the unit vector normal to the surface S. o the
velocity of fluid, 7 the volume, and S area of the portion mentioned above. The second
and third terms on the right side of Eq. (1) are changed into the integrals with volume
by Gauss’ theorem. If the density and specific heat of the fluid are uniform, Eq. (1)
becomes

of 2

= = V(Evf) — v- () + f (2)
where 0 is the temperature (deg) of fluid, K the thermal diffusivity (m?.s~?), f the input

heat (deg-s-1), and

, a0 , 0 0
V= F e = 3
in +Jay+k6z 3)
v = ivy + juy + kig (4)

where i, j, k are unit direction vectors, and vy, vy, vz the components of p along x, y, z
coordinates, respectively. 1f the unit impulsive heat signal is applied to a point of L

and at a time of ¢/, the response is

0 t<
Gir—L,t—t) = O S 5
' | (z_wrﬁluim) o e, 1<t ?

where r is a position vector defined as
r=ix+jy + kz

LEq. (5) is known as the Green function of heat conduction.

3) Response to a sinusoidal heat input

Supposing the thermal diffusivity to be uniform and the velocity of low to be con-
stant in a fluid, the distribution of temperature is determined by the heat input and
the initial distribution of temperature. The following boundary conditions are pro-
posed:

a) The initial distribution of temperature ¢ is

lime(L, 0) =0, O0<|L| (6)

pr—

where ¢(L, o) is the temperaturc at r=1I and /=p. In this expression, the constant
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component of temperatyre distribution js excluded.
b)  The heat input fis

f= COSwl, at r=g apg t> —oo

(7)

the distribution of

where ¢ is the origin of the toordina

tes.
temperature at and ¢, is expressed as

The response, namely

O(r, &) = j B, b wedz + lim (* Gy, t—p)o(L, 0)dr (8)

'7 15 the rea] part of g#wr, Eq. (8)

The origin of time can be chosen

arbitrarily,
IS rewritten as

As cos @

(9)

where R, denotes the real

Tra.nsforming the variable
¥ 1o £ by the relation of I—r=¢, Iq. (9) becomes

)
Or, t) = R U(‘ ,11__7) Je‘ll%;},f',eiw(f—f)dg]
[} e . 2‘\/7¢'K§‘

(10)
The exponential part of Eq. (10) is Separated into two terms, One of them includes the
variable £ but the other does not, Hence
1 : R AL S 1 —( loi® +;‘q,,;-).§—,l‘.’_"ﬁ :
Vi B = Re - _7_}_) oK 5 sl 4K 4KE
00 =R[(5 ) EVEC %] S
The integral part of Eq. (11)

1 one of the typical forms of Laplace transform ;

£ aﬂ — fu
5. o-pE _,]:,A__eﬁ@'d;-: - g’[&ife—w.‘*/ﬁ (12)
0 5’\/ 5 12
where g is 2 non-zero real number, p g

complex number, rea] Part of which g Positive,
and both of ¢ anq P being independent of & Then Eq. (11) changes intg

or, 1) = Ra[@?l—, ek “’”‘“I"""Dlwﬂ

K
7 K‘]‘r\l = (13)
where
S T
a= \/ﬂ;é/e‘ﬂ, CRN Y B (14)
2
- 4Kw
k= [of? H8)
From physica] consideration, the amplitude of temperature shoylq tend to be zerg when
the distance of the point p from the origin becomes infi d

upper part of the double &j
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4) Velocity measurement

Eq. (16) gives two methods of measuring the velocity. One is the method using
changes of the amplitude of temperature, and the other the method using phase di-
fferences.

a) Amplitude method
Let the point heat source be fixed at the origin of the coordinates, and let six meas-

uring points be scttled symmetrically on the coordinates like the vertexes of a regular

octahedron. The outputs on the coordinate of x are expressed as

1 Ee—low ( Ruv| )
e o 2K g [wt—2l L
Blise 1=KR e cos |wé oK (17)
where 0.y and 6_, denote the outputs at the points of r=iR and r=—iR on the coordi-

nate of x, and include -} vy and —wvy respectively. 17ig. 1 shows the locations of these

Z
A

(9-1-1 (0 y 0 2 R ) v

The orthogonal coordinates system is
set in fluid. Three pairs of the points
are located on the threc coordinates
respectively. The distances between
these points and the origin are the same
and denoted with K. Heat input is
applied at the origin. v is the vector
of velocity of the fluid, of which the
direction is cxpressed by the com-
ponents of the circular cylindrical coor-

-

dinates,

2 1(0,0,—R)

Fig. 1. Locations of measuring points,

points. Using Eq. (17), the ratio of 6., to 6, are written as

Rox
zi —e K (18)

The ratios of 6,5 to 6_, and 8, , to 0 are written by the expressions mentioned above.
Next A, B, and C are defined as logarithms of these values on the circular cylindrical

coordinates (see Lig. 1), hence

_ _0+ Y o_ Ruy _ -R_ I ad v )
A=1In i." K K |plsinycos g |

i G = By _ R s
B =In i, E K |p| sin v sin g, (19)
s g i o B0 I-g-—\lv"coa:y

4., K K
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The components of velocity are:

ol = Evarere

p=Tan™! (—fj—) (20)
L — Tan'l(}iAEC_FBE)

or
§ = gf(m +jB+kC) (21)

The thermal diffusivity is indispensable for calculation of the velocity by this method.
b) Phase difference method
The phase difference between the simultancous outputs of two measuring points,

r, and ry, 1s expressed as
= f [~ 8L
¢ = (rl-lrlop8 (22)

where the three points, namely, the heat source, ry and r,, stand on a straight line. ¢ is
equal to the phase difference calculated by the travel time of a peak signal from r, to

rs. Then pis written as

Lol = (i”jz w' — 4K (j:)g (23)
where
dr = |ry| =], 0<|r|<|r| (24)

When the value of K is known, |p| is immediately obtained. But in many cases the
diffusivity is so changeable that it is impossible to assume K as a known value before
the run of the experiment. If the two phase differences, ¢; and @,, are respectively
known in the responces to the two input angular frequencics, @, and a,, in regard to
one velocity, then it is possible to eliminate the diffusivity. Therefore,

o w2 w2 o t—w,?
ol = (G =550 )

e (dr)t 1 (Ela__w-zz)
e B NP R L (28)

The direction of flow cannot be obtained by the phase difference method, because phases
at any peints located at the same distance from the point source are the same. In

other words, the phase difference is not affected by the direction of the flow.

5) Conclusion and Remarks
The sinusoidal heat input method has following merits for measuring fluid velo-
cities:
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o

) Heat signal used for an input does not contaminate the fluid.

g

b) Continuous measurement is available.

lg]

) An analytical solution supports a mathematical base.

d) The wide band amplifier is not required, because the output frequency which
must be observed is perfectly the same as that of the input.

The phase difference method has additional merits as follows:

e) The conductivity of fluid is not required in the case that the responses to the
two inputs of different frequencies are known, for frequency of a sinuscidal heat input
is an independent variable. This means that the absolute velocity of flow can be meas-
ured without the conductivity.

f) Asthe phase differences are not affected by the amplitude of the output signals,
the variation of impedance of the signal paths can be ignored.

Though the methods discussed in the present paper have several merits mentioned
above, attention must be paid to the following remarks in practical use:

a) The energy equation of heat conduction is based on the hypothesis that encrgy
is transferred from a warm point to a cold point without delay. This means that if
heat source is applied to a point, the temperature change must be instantaneously
detected at any point located far from the source. This is strange, because it takes a
certain amount of time to transfer energy from a point to another. As the angle be-
tween the direction of the flow and that of heat conduction at a certain point is not
always the same as that at an opposite point in respect to the heat source, the energy
will not be transferred simultaneously to these points. Therefore, the phase of tem-
perature response at one of these points may be different from that at the other point.

b) As the energy flow is proportional to the gradient of temperature, the energy
input is not sinusoidal in the case that the temperature of fluid varies at heat source,
even if the heat source gives sinusoidal temperature to the flow. When the frequency
of input is sufficiently high and the amplitude is sufficiently small, the sinusoidal tem-
perature input approximately gives the sinusoidal energy input. In such cases the
temperature outputs are regarded as the small signal heat reponses superposed on the
average temperatures.
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