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Abstract

This is the report of a thermodynamical and experimental study on the compres-
sion characteristics of snow. Theoretically, the strains of void air and pore water in
the compacted snow decrease the elasticity and viscosity of ice particles. The experi-
ment gives a result that the mechanical property of snow varies from plasticity to
elasticity. And theory also indicates that the exclusion of void air or pore water with

compression lessens its strain effect and brings on the above result.

Nomenclatures

I, = interacting force,

Ps = bulk density of the ice phase,

P; =  bulk density of the gas phase,

f: = p,+ p, (for the infinitesmal volume),

€s+¢g = internal energy of the ice phase and the gas phase,
¢t = total internal energy,
O;;» Py = stress tensors of the ice phase and the gas phase,
#;»v; = displacement components of the ice phase and the gas phase,
€::€:; = symmetric tensors of strain of the ice phase and the gas phase,
€;51€:5 = symmetric tensors of strain velocity of the ice phase and the gas phase,
J :f, JY = heat generated by friction among themselves, ice particles and gas,
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heat generated by friction between ice particles and the side of mold, or
gas and the side of mold,
heat dispersed by vibration of compacted snow,
total heat generated by friction among themselves, ice particles and gas
(=7 787,
total heat generated by friction between ice particles and the side of mold,
or between gas and the side of mold (=7 "+J ),
total heat dispersed by vibration of compacted snow ( = J; + I,
temperature (°K),
entropy flow,
entropy production,
total entropy,
deviator component of stress tensor of ice phase,
deviator component of strain tensor of ice phase,
deviator component of stress tensor of gas phase,
deviator component of strain tensor of gas phase,
Ber D Jwr s (i=1,2,4) = viscous constants,
Yoy Vs ¥ia¥i(i=1,2,4) = elastic constants,
complex impedance,
unit of imaginary number ( f,—l} .
angular frequency,
mass of ice particles,
stress and strain of snow (kgf/em® and %),
initial compaction energy (kgf - cm/cm?),
weight of rammer (kgf),
dropping height of rammer (cm),
compaction times per layer,
number of layers,
volume of mold (cm?),
density of snow (g/em?),
void ratio,
specific gravity of ice,
cross-sectional area of sample (cm?),
sample height at = -th load step (cm),
wet weight of sample at n-th load step (gf),
water content of snow (%),
weight of water per unit volume (gf/cm?),
value which is obtained by dividing the whole volume of sample by its
cross-sectional area (cm),
compression index,
two void ratios of straight part on ¢ — Log,o ¢ curve,
stresses corresponding to e, and e respectively (kgf/em?),
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% = coefficient of viscosity (kgf - sec/cm?),
P = Joad (kgf),

D, = diameter of sample (cm),

V = rate of loading (cm/sec),

E, = relaxation modulus (kgffem?),

E; = initial Young modulus (kgf/cm?),

Ji = compliance (cm?®/kgf),

Eymin = minimum value of Ep (kgf/em?),
Jima = maximum value of J; (cm?/kgf),
Ve = limiting coefficient of viscosity, corresponding to the minimum point of

E, or the maximum point of J, (kgf - sec/em?),
n = porosity (%),
subscript 7ev = reversible component, and
subscript 4rr = irreversible component.

1. Introduction

When snow is artificially compressed, such phenomena as rearrangement and crushing
of ice particles, reduction of void ratio, exclusions of void air and pore water, etc. occur.
These factors, which are difficult to measure, play important roles in compaction pro-
perties of snow. Load-displacement relationship and stress-strain relationship alone are insuf-
ficient to investigate the dynamical behavior of compacted snow.

The authors attempt to apply irreversible thermodynamics to the analysis of the above
behavior. And this approach may yield the qualitative interpretation of compaction pro-
perties of snow that the strains of void air and pore water decrease the elasticity and the
viscosity of ice particles. The effect of void air is also recognized in the results of the
experiment in which load-displacement relationships are obtained from pre-compacted
snow with various values of energy.

2. Experimental procedures and equipments

The compression characteristics of snow are affected by many factors: nature of
snow, water content, initial compaction energy, rate of loading, temperature of snow,
etc. In the present experiment, only the initial compaction energy is varied for five cases
and the other factors are kept unchanged, considering the complexity of the effect of
each factor. Experimental conditions are shown in Table 1. Fig. 1 illustrates the general
outline of the equipment for the experiment, and Photo 1 shows the general view of the

Table 1 Experimental Conditions

No. Items Conditions

1 Nature of snow New powder snow

2 Water content of snow 0%

3 Initial compaction energy 0.066, 0.100, 0.199, 0.399, 126.7
(kgf-ecm/cm?)

4 Rate of loading 6.1 (%/min.)

5 Temperature of snow -5.0°C
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equipment. Experimental procedures are following. First, samples of new-powder snow,
with 0% of water content, which order was attained by keeping the snow sample in a room
at —5°C for serveral hours, are pre-compacted under five grades of compaction energy.
Then they are packed into molds of 100 mm in diameter and 170 mm in height. Under
the lateral confinement, the snow sample is compacted until its compressive strain amounts
to 47%, which is the limit of the piston stroke. Load and displacement are measured with
the load cell and the displacement transducer, and are registered on a X-Y recorder. Photo
2 shows the compacted snow in the mold.

1. Frame

Room 1 { Kept at-5°C) 2. Mold

3. Piston

(wuh orifices fnr)
air flow

4. Sample

5. Load Cell

. Ram
‘:‘move up to com —)
press
7. Displacement
Transducer

8. Leading Code

Room 2
(Keptat4-9°C)
X-Y Recorder

=

Photo. 2 Compacted snow in the Mold.

Photo. 1 Snow compression test
equipment.

3. Viscoelastic properties of snow

Snow is a typical material showing viscoelastic characteristics. The fundamental
investigations of the viscoelastic characteristics of snow have been early reported by Yoshi-
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da (1953) and Kojima (1954). Kinoshita (1957) has described the snow cover as consist-
ing of a parallel connection of different Maxwell elements.

In Fig. 2 the variation in compression properties of snow is shown by using the dy-
namical models and the electric circuit models, in which the internal resistances of void
air and pore water (hidden coordinates) are represented as Maxwell elements according
to the rock mechanics (The Japan Society of Civil Engineers, 1975). The exclusion of
hidden coordinates with compression brings the elimination of excess Maxwell elements.

E
. E5 7. &5 . )
JA"H’{E!'\ H {;J;?I
M@ 1P MB1tP
(3) (5)

(2) (4) (6)

Fig. 2 Viscoelastic and electric circuit models of
snow compression.

It is known that the Voigt model corresponds to a series connection of electric cir-
cuits, and the Maxwell model to a parallel connection (Nakagawa and Kanbe, 1970). For
Fig. 2 complex impedances of the electric circuit models are given as follows:

for Fig. 2(2)

Z*— . l)o 1 ]. 1
=joM+n,+ — + + G+
¥ j@ 1 1 1 1 1 1 o
= + ' — —+
Aa Co/Jw 21 Cl/jm zn C'n /Jw
for Fig. 2(4)
Z*; jo M+ 'qru,+i+l—— (2
j@ L+ 1
2 L/ e
for Fig. 2(6)
e 3 yl
Zr=jo M+ n +— (3)
jw

4. Analysis of the effect of void air or pore water
4.1 Energy equations and entropy equations

Irreversible thermodynamics has been applied to the fields of soil and rock mechanics.
For example, in rock mechanics (The Japan Society of Civil Engineers, 1973) the influ-
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ences of the strain components of pore water on the viscoelastic properties of rock frames
are discussed. And in soil mechanics Ishihara (1965) theoretically explained the consoli-
dation of a porous material with heat effect. In this study, a similar analysis is made to
attempt as to the effect of void air or pore water in the compacted snow. The following
assumptions are made for simplification in developing the theory:

1.  Compacted snow consists of ice particles and voids which are distributed uni-

formly over its volume.

2. Volids are filled with either air or water.
Both void air and pore water are compressible.
4.  Compacted snow constitutes a two-phase system: ice-gas system or ice-water

system (see Fig. 3).

(98]

Displacement
ad._F

— Ice
—Farticles

Ul

Fixed

Fig. 3 Simplified configuration of Ice-
Gas system.

The energy equations for each phase and entropy equations from Gibbs’s principle of gas
are shown below. The equations are derived according to Ref, 1, 8. The notations used in
this paper are shown in Nomenclatures.

Energy equations:

for ice phase

de# : 8, W sy
adt :aijeij—<J1f+J:+Ji )‘1.4’]5(1;1- ’El,:)_IB‘ZTb,‘ (4)
for gas phase
de . v .
Oy P, f= P,;,-E.;-,-*(Jff-&— wa‘*‘ Jf ),1_+ I, (5)

for total system

de, de, de . %
P:'E=Ps di + 0, dtg:U;jEz'?‘“‘P” (J +J +J ) +I (9;— U; ) (6)

Entropy equations:

ﬂ:ﬁ{( Ly (2 )'“’+(f)ff}l
H
p‘ddstf
+§|_(w’ré +Pwr i)+ %(‘i—uz)ﬁ{JuT"‘%—J ;}"*‘J ;,zz (N
s
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Alternatively,

g ==l

tv

£y

e ﬁ),t (

}

J

ds
e
+—;:(a &7 + Py E:T}+§( vi—u )— { JY ;";' 3 77 ;’1 4 v L } @
o s
4.2  Strain effect of void air dt
The entropy production terms on the right side of Eq. (7) are :
e I e A

In Eq. (9) we attempt to analyze only the 1st and 2nd terms, because the compacted snow
in the present experiment has no influence of heat flux and suction force. And the following
assumptions are introduced:

1. There exists no relative displacement between the ice phase and the gas phase, and

2. Void air has the same rigid displacement as the ice particle, but makes a deforma-

tion different from it.
And the authors assume a linear relationship between o7} (the reversible compoennt
of @4;; ), the deviator component of strain tensor of ice phase €4;; and the deviator
component of strain tensor of gas phase g,,;, whose coefficients are 2v, and 2v,, re-
spectively.

A similar relationship is supposed for Pg; (the reversible component of Pyi; which
is the deviator component of stress tensor of gas phase), €4; and €g; which have 2,
and 2y, ,respectively, as proportional constants.

For a'i:; (the irreversible component of @4i;), €4; and & (. ” represents
the time derivative) and for Pj;; (the irreversible component of Pyij), €g45 and &y,
linear relations which have the proportional constants 27, , 27,and 2, , respectively, are
also presumed. 7, , %, and %, , are the viscous contants.

Then, for the stress-stain relationship of ice particles, Egs. (10) and (11) which include
the effect of void air ( 7, ) can be obtained. Derivations of Eqgs. (10), (11) are made accord-
ing to Ref. 1, 8.

Og55 = 2 Y, Edij + 2799.064,'_,' (10)
Yy 7y _ ‘72
= i UL B — 2R e
! My a s ( D= i) an
dt

If the strain of void air has no influence ( %, = 0), Egs. (10) and (11) are reduced to Eqgs.
(12) and (13).

Gui; = 2V €455 + 27, Degyy (12
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= Bl WU (13)

/7 74

d
Egs. (11) and (13) and the condition E%? > 0 (see Eq. (9)) provide the following rela-
tions:

Ve =V, B > h, a4
Relations (14) yeild three results as to the strain of void air:
1. The strain of void air exerts no or slight influence on the elasticity of ice par-
ticles.

2. It decreases the viscosity of ice particles.
3. As void air is removed by compression, the above effect decreases. Consequently,
compacted snow comes to show the characteristics of a hard viscoelastic body.
Egs. (10) and (12) are expressed as a series connection of electric circuits (see Fig. 4) and
their complex impedances are as below:

. v
Z¥= jo M+ 7, + jc: (15)
. 1 v?
Z¥=joM+ % * T g2

Vs{ %71_'1’:% %—‘7:
MDIP MOIP
(1) (3)

M M
e L)
73 11/; 7" 11/;

(2) (4)

Fig. 4 Viscoelastic and electric circuit models
of snow compression in case of con-
sidering void air.

4.3 Strain effect of pore water

In this article, the wet snow as seen in Hokuriku district is considered. The stress-strain
relationship of the ice-water system is discussed in the similar way as in Article 4.2.

The void air is replaced with pore water; then Eqgs. (17) and (18) are obtained.

Viscous and elastic constants of pore water are represented as »; and »; (¢=1,2,4),
respectively, which are defined in a way similar to », and v; of void air.

o

D+ LA4 Eaij (17)

adif = Zywed” + znwDedij + 2
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w v — v 7 05— ¢
B, T e Uw = _’
vy ’ i
(18)
_ i —ma? _ (viw - mwiY
e = P
Yy ’ L
When pore water has no influence ( ¥; = 7; = 0), it follows that:
Ogi; = 2V{€qyy + 29[ D€yy; (19
From Eq. (18) and the condition 45 > ( ,the relations as below are derived:
dt
W vy 0 T 1))

According to the relations (20), the strain of pore water decreases the elasticity and
viscosity of ice particles. Therefore, exclusion of pore water with compression makes a
recovery of the elasticity and viscosity which is equivalent to the removal of excess Max-
well elements.

Equations (17) and (19) are shown as viscoelastic and electric circuit models in Figs.
2(3), 2(4) and 2(5), 2(6) and the complex impedances are equivalent to Eqs. (2) and (3).

5.  Comparison of theoretical and experimental studies
5.1 Compaction energy versus stress-strain relation

Variation of stress ¢ — strain € relationship with different initial compaction energy
E, is illustrated in Fig. 5. The ¢ — € relationship. for each value of E. is represented as a
curved line whose gradient becomes larger with increasing E,. In other words, this tendency
is maintained to be attributable to the initial differences in the void ratio and the arrange-
ment of ice particles. In Fig. 5, samples No. 1—No. 4 are artificially compacted ones (see
Table 1) and No. 5 naturally compacted one sampled from a road.

Herein the compaction energy of Proctor (1933) is given as follows:

1

B = (W, « H* Ny Ny ) @n

m

To estimate E, of the road sample, the relationship between the initial compaction energy
E, and the density of snow g is obtained in the following form (Fig. 6):

E, = 6460p™" @2)

From Eq. (22) E, of the road sample (©2=0.592 (g /cm?)) is calculated at 126.7
(kegf-cm/cm?).
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Fig. 5 Variation of stress o-strain £ re-
lationship with different values of
initial compaction energy Ec.

5.2 Compressibility of snow
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Fig. 6 Initial compaction energy Ec
versus initial density of snow

p.

Figure 7 shows the relationship between void ratio ¢ and logy o o. e is given as below

(Kawakami, 1974):

ezrm'Gs'A'hﬂ(1+wn/100)_l bn 1
W, By
(23)
By = W
# Tw * Gy » A (1+w,7100) 1
:mL 2
3
20r 4
@
5
1.0
Fig. 7 Relationship between void ratio e and
stress o for different values of initial com-
paction energy Ec. The numbers of the 0 Lol i G
curves correspond to those in Fig. 5. 0.1 1 10 100
(o (kgf/cm?)
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The gradient of the straight part of e — logioo curve is called “compression index”
C. . This denotes the degree of compression of a sample and is given as follows:

de e, — e

- logy do - log,, gl

2

24)

¢

Table 2 Calculated compression
index C, for each initial
compaction energy £,

No. E.(kgf-emfem®) C,

1 0.066 1.825
2 0.100 1.823
3 0.199 1.782
4 0.399 1.367
5 126.7 1.054

The value of C, for each value of E, is calculated to get the result shown in Table 2. The
values in Table 2 indicate a tendency that the compressibility of snow is higher when snow
is initially more loosely compacted.

5.3 Change in mechanical property of compacted snow

Figure 8 shows the relationship between siress ¢ and “relaxation modulus™ B, which
is defined as ¢e. In this figure, E, first decreases to the minimum value E, min with
the increment of ¢ and then augments again. Each ¢ — E, curve has an extreme point;
this is similar to a property of viscoelastic materials (Jastrzebski, 1959).

Table 3 gives the initial Young modulus E;. This is the value of £, at the intersection
point where the prolongation of the linear part of £, -e relationship crosses the abscissa.
It is recognized in Table 3 that E; has a larger value when the initial compaction energy is

larger. o (kgf/cm?)
2 17 5

P

L

w

g

50 %0 30 70 0 0 10 20 30 40 50
Er {kgf/cm?} € (%)

Fig. 8 Relationship between stress o and relaxation modulus Er in
comparison with stress o-strain € relationship.
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Table 3 Initial Young Modulus E;

No. | E,(kgf-cm/fecm?) | E; (kgf/cm?)
1 0.066 3.2
2 0.100 3.5
3 0.199 39
4 0.399 6.5
5 126.7 18.6

Figure 9 illustrates the relationship between the coefficient of viscosity » and *re-
laxation modulus™ E,, Viscosity 7 is defined as follows:

- — y
n D,V (25

With the increment of compression, 7 augments monotonously, and Z, first decreases to a
minimum value and then augments again. The broken line in Fig. 9 passes through the mini-
mum value E, i for each experiment and is expressed in the form:

Ner ® = 10200

(26)

*min

Figure 10 represents the relation between 7 and “compliance” J, which is a reciprocal
of the relaxation modulus E, . In contract with the behavior of E. in Figs. 8 and 9, J, first
increases to a maximum value J,myaxand decreases again. For the broken curve in Fig. 10,
Eq. (27) can be obtained:

7? { kgt-sec-cm?)

x10° x10’
6r 5 6( 5
i
5 5F :‘
':
— '
4 ,,’ c 4r |
< i
@ i
i
l{) L
Line joining B
3 the minima ~ 3f Curve joining the maxima
e ] 3
L
1N 'd
' 2
“‘
2t 2t \ 1
lI
\\
\
‘\
.\‘
1 1+ ~
S i L L L 1 1 L 0 | | |
0.1 0.2 0.3 0.4 0.5 0.6
Er (kgl/em?) 10 20 30

Jt (cm?/ kat)
Fig. 9 Variation of coefficient of viscosi-

Fig. 10 Variation of coefficient of viscosi-
ty n with relaxation modulus Er. g

ty n with compliance Jt.

— 100 —
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Ter * Jema= 10200 @0

Here the theoretical analysis made in Articles 4.2 and 4.3 is applied to the results
of the experiment. Fig. 11 gives the relations of » — E,, y-J, and » — » of the sample
No. 4 which is chosen as a representative and the electric circuit models previously shown
in Fig. 2. The notation ““» , which is defined as e/(1+¢), is called “porosity” (Kawakami,
1974). In this figure, two regions concerned in the theorogical property are obviously re-
cognized: the plastic region and the elastic region. With the advance of compression,
the mechanical characteristics change from plastic region to elastic.

Comparing this result with the electric models, the excess elements of the complex
impedance Z* are excluded by the reduction of void air or pore water (see relationy — =
in Fig. 11), and Z* becomes simpler and to have a larger value with the increase in compres-
sion. In other words, the variation in electric circuit models corresponds to the increment of
internal resistance of ice particles and to the reduction of strain effect of void air or pore
water due to the exclusion of air or water with compression.

And the linear change of the compacted snow in the elastic region can be explained
by the energy Eq. (6).

de de de . 3 w i s
0, t:ps —8+ Pg f— 0”6“‘" P,;,-E,;j—(.féf+ Ji +J?),.+ Ig(v‘-—u,;) (6)
dit dt dt :
10 o
Jt Er

&4 4
N'_' 3 Elastic region frﬁ 3 Void air
e £
v s
i s}
s ;
<2 w2
2 g
= . =

Extrerre point
e
Ter Plastic region Yer
o
0 Ermin 0.2 0.4 0
Er(o}(kgf /cm?) n (%)
0 Jtmax10 20 100 50 0
Jtie) (cm?/kgt) 100-n (%)

Fig. 11 Change in viscoelastic characteristics of compacted snow.

In the initial stage of compression, snow absorbs the dynamic energy of loading in
the form of friction heat and behaves as plastic. In this stage, some heat is produced: the
heat generated by friction among themselves, the ice particles, void air and pore water ik
and the heat generated by friction between the ice particles and the sides of mold ( Ji*).

In the elastic region, the bulk transformation of snow gradually decreases, and the
dynamic energy is dispersed in the form of vibration energy (7).

— 101 —
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A study with respect to the accumulation and the dispersion of energy has been made
in soil mechanics by Yamashita and Shirai (1981).

6. Conclusions

In this study, the authors experimentally observed the variation of compressive strength
of snow in the mold, and analyzed the mechanism of its change by using the electric models
based on irreversible thermodynamics. The following conclusions were obtained from
this study.

1. Change in compaction properties of snow is clearly recognized: the 7 — E, and

7 — J, relationships have extreme values at which plasticity balances with elasti-
city.

2. The strain effect of void air and pore water decreases both the elasticity and

viscosity of ice particles.

3. Exclusion of void air reduces the strain effect, and the compacted snow comes

to show a hard viscoelastic property.

4. Transformation of the mechanical property from plastic region to elastic is

equivalent to the removal of excess impedance elements and to the increase in
complex impedance.

5. In the initial stage of compression, snow takes a plastic behavior and absorbs
the dynamical energy of loading in the form of friction heat.

6.  In the elastic region, snow shows elastic properties and disperses the dynamical
energy to the mold in the form of vibration energy,
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