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Abstract

The heat conduction equation of well-mixed materials is theoretically developed
based on hypotheses which characterize mixed material. The developed equation is
a modification of the heat conduction equation which was originally developed by
the same writer for porous media consisting of two media: flowing medium and
stationary medium. In the developed equation, there is no restriction on the number
of components in the mixed material, and the components are considered to include
stationary and flowing parts. Introducing the new definition of the components,
application of the developed equation is widened. The heat conduction equations of
soil systems in different situations are shown as examples of its application.

1. Preface

Thermal conductivity of soil has been studied theoretically (Tsao, 1961), (Shirai, et a/.,
1977) and cxperimentally (Erh, er al., 1971), (Sato, 1982), (Ishida, es al.. 1983). In general,
considerations in the theoretical approach are based on the geometrical shape of each material
of which the soil system is composed. Since the shape of each component is generally random,
this approach causes difliculties in application of their developed thermal conductivity. On the
other hand, the experimental approach is conducted to analyze what cannot be explained by
the theoretical approach, though application of the results is restricted to stationary conduction
in which the soil system does not change. From a practical point of view, the differential type
of heat conduction equation is more useful than the thermal conductivity only for analyzing the

dynamical characteristics of the objects.
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The writer has developed the heat conduction equation for prous media considering two
types of components: stationary medium and flowing medium (Tominaga, 1976). This
definition is simple, though there are difficulties in applying it, for the equation does not
conveniently express cases where, for example, a part of liquid cannot move because of the
friction of the surface of solid particles and only the remaining fluid part moves. This requires
more suitable definitions for treating mixed material in which components are classified not
only by the kind of materials but also by the existing situations : stationary and flowing. In
the following sections, the heat conduction equation of mixed materials based on the two

hypotheses characterizing mixed material are presented, and its applications to soil systems are

shown.
Nomenclature
a K temperature
U K/s temperature input
t s time
a kg/ m® density
c J/ (kg'K) specific heat
A J/(m+s*K) thermal conductivity
q J/(m®-s) input energy
Q J/m® internal energy
v m/s velocity
J J/ (m?-s) energy effluence density
n unit vector normal to the surface S*
7 number of the components
N: ratio of S; to S, simultaneously V; to V*
F; ratio of flowing area to total area of component
K m¥s apparent thermal diffusivity
H coefficient of apparent velocity
1 subscript for component
S m area of closed surface S
S m? area occupicd by component / on closed surface S
Vv m® volume of closed surface S
Vi m® volume occupied by component  in S
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2. Mixed material

When components of mixed material are not uniformly shaped, the boundary conditions
initializing the equation cannot be set. Therefore, the following two hypotheses which are
modifications of the originals (Tominaga, 1976) are introduced Lo characterize mixed

material.

Hypothesis 1
On any closed surface S lying in mixed material, any N, which is the ratio of the area of
sectional surface S; occupied by a component 7 to the total area of the surface S, is uniform.

where

P Si Hoa
Ne=, N:i=1 ()

The ratio V; is the same as the ratio of volume of the component 7 to the total volume of the

closed surface (Tominaga, 1980).

Hypothesis 2

In any infinitesimal portion, temperatures of the components are the same.

Necessity of Hypothesis 2 is as follows: Since the components are well mixed on
Hypothesis 1, the mixture is uniform, namely the conductivity is isotropic. This means that
the temperature distribution is continuous in any finite portion. Thercfore, the temperatures

of the components should be the same in any infinitesimal portion.

3. Equation of heat conduction

3.1 Energy balance

The heat conduction equation is derived in a similar manner to Tominaga (1976). Input
energy is equal to the sum of the increase of internal energy, the effluence of energy by heat
conduction and the effluence of energy by flow in any closed surface in the mixed material.
Supposing the volume is surrounded by the closed surface S, the energy balance is expressed

as
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ﬁqdvr V%dzw _/;J'nd.§+.]_;Qv-nds (2)

where the heat source is in the closed surface.
v is “real” velocity of liquid flow, but in mixed material it becomes “apparent” velocity

explained in the section of 3.2 (C).

3.2 Energy equation of mixed material
(A) Increase of internal energy
(The first term on the right-hand side of Eq. (2))
Total energy Qdw of the volume dy is the sum of the cnergy of each component :

71

de;:i;@,-dm (3)
where ).dw; is the energy of the component i occupying dz;, and

Qi=ac:0: (4)
From Hypothesis 1

do;=N.dv (%)
From Hypothesis 2

0:=4¢ (6)

The total energy is then written as

Qdv= 3 a:c:6N.dv=achdy @)
where
ac= émch; (8)

(B) Effluence of energy by heat conduction
(The second term on the right-hand side of Eq. (2))
The flux of energy flow J - nds through the portion ds of the closed surface S is the sum

of the flux of each component :
Jends=3J: nds; 9
where
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Ji=—A:F G (10)
By Hypothesis 1

dsi=Nids (11)
Eq. (9) becomes, from Egs. (10), (6) and (11)

Jonds=2Z (A7 8) nN:ds

1

=— AF# nds (12)
where
A=31AN; (13)

(C) Effluence of energy by flow
(The third term on the right-hand side of Eq. (2))
For each component, there exists a part which flows and a part which does not flow.
Introducing F; which is the ratio of the flowing area (o the total area for each component {

on any closed surface S, the flowing part of a component through the closed surface S is
FiS:= F:N:S (14)
where
0<F:<1 (15)

The real velocity of the flowing part in mixed material is not uniform. It varies not only with
the location but also with the time. Thus, it is better to define the velocity as the rate of volume
of flowing parts divided by the effective sectional area through which the components flow.
Therefore, the total encrgy flowing out through the surface is the sum of the energy of the
flowing parts of each component.

Then, from Eq. (14)
Qu-nds = ngiv-and& (16)

By Egs. (4), (6) and (11), Eq. (16) becomes
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Qu-nds= é‘laicﬂv- nfiN:ds
=acFfv-nds (17)

where

I hn

GCF:EJCE:’CiFfN;‘ (18)

(D) Input energy
(The left-hand side of Eq. (2))
The total energy which is added to the volume du from point heat source placed in the

volume p is the sum of the energy added to each component:
qdv: glq;db‘z‘ (19)

The energy which is added to each component 7 is written by the temperature difference u;

between the point heat source and the component :

qi=aiCii (20)
From Hypothesis 2

wi=u (21)
Then, from Egs. (20), (21), (5) and (8), Eq. (19) becomes

qdv=§1a,-c,-uN;dv=Eudﬂ (22)
(E) Heat conduction equation of mixed material

Substituting Egs. (7), (12), (17) and (22) into Eq. (2)

facudv fa(acg)da-lrf(*/l V) nds+f cFév nds (23)

Applying Gauss’ theorem to the second and third terms of the right-hand side of Eq. (23), and

if gc does not change in the course of time at any spatial locations, Eq. (23) becomes

o8

o =FA(KFPO)—F-(Hbov)+ u (24)

K is the apparent thermal diffusivity and H is the coefficient of apparent velocity.

where
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ot (25)
ac
py —ack (26)
ac

Eq. (24) is the general form of the heat conduction equation for mixed material including
stationary and flowing parts of each component. Expression of Eq. (24) is similar to the
equation presented in the paper of Tominaga (1976), though the expression of K and H are
different from the former one, because the former equation was established on porous media

composed of two media: flowing medium and stationary medium.
4. Heat conduction equation for soil

Eq. (24) is the general form for heat conduction of mixed material, so applications of the
equation for soil are shown in this chapter.

Soil is classified into four situations : the water-saturated and water-unsaturated situations
simultaneously the flow-existing and the flow-unexisting situations (see Table 1). In the
following sections, the materials composing soil systems which are mineral particles, water and

air are indicated by the subscripts of s, w and g.

4.1 Flow-unexisting situation
Since every component is stationary, the second term of the right-hand side of Eq. (24)

vanishes :

&: V—(EV@)—}—M (27) Table 1 Four situations of soil.  The soil
dt systems are classified by the water-
saturated and the water-unsaturated
situations simultaneously by the

There is no air in the soil system : flow-unexisting and the flow-existing
siluatlions.

(A) Saturated soil

lv\lra —
Flow- Flow-
. . unexisting | exisling
Then, the apparent thermal diffusivity =0 vE 0
becomes -
S t t 1 Fg = 0 F + 0
aturated .
}('; AsNs+ ANy ) (28) Na=10 Na=10
ascsNs+ awculNw — i
| ~ ~
=90 Fi#0
B) Unsaturated soil satura ;
(B) i Unsaturated Naz 0 N+ 0
The apparent thermal diffusivity is L |
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A SI‘VS + /1 wEVw + A cz]\lra

7: = - 29
5 asCsNs+ awcwNwt gaCalNa ( )
4.2 Flow-existing situation
Since velocity does not vanish, the heat equation is the same as Eq. (24):
Y _ K 24
a}'-V‘(KV@)—V'(fJHU)-i‘M (24)
(C) Saturated soil
K is the same as Eq. (28):
/1517\754 )‘WLN"W
-y _ 2
ascsiNs+ auwcwlNuw ( S)
From Eq. (26). the coefficient of apparent velocity A becomes
ascsFsNs+ awecwFuwNw
— b 30
i ascsiNs+ awcwlNuw (30)
If the mineral particles do not move, and only the water part {lows:
Fs — 0
Hence
i awCwFuwNw (31

- ascsiNs+ awCwlNw
FuwNyw 1s the ratio of the effective area for water flow to the total area of any closed surface.

.This value is generally difficult to measure.

(D) Unsaturated soil

The apparent thermal diffusivity & is the same as Eq. (29) :

E — A sf\'rs + A wNw -+ A a:’\ra

- 29
asCsiNs+ awCuwlNuw+ @aCalNa )

The coefficient of apparent velocity becomes
H = GSC.SFSJVS"_ ﬂwaijVw_‘_aaCaFal?Va (32)

Q‘SCSA’Y.S U AwC WANTW * GaCaA’ra

If the mineral particles do not flow :

then
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Table 2 Typical values of the density, specific heat and
thermal conductivity of the components of soil
system. The values are given under room
temperaturc and normal pressure.

Dengty Specific " Thermal
% ¥ Heat ac Conductivity
b c (J/(m*K)) A
ke/m ) (kgek)) (J/ (s K))
Mineral : " . " 8.4x107"
Particle 2.5%10 8.4x10 2.1%10 o E
Water 1.0x10° 4.2x10° 4.2%10° 5.9%107"
Air 1.2x10° 1.0x10% 1.2x10° 2.4x107*
ngwaA,'w+ ﬂaCaIL‘aJ\'ra (33)

- asCsNs+ awcwlNw+t aaCalNa
Between the values of density, specific heat, diffusivity of each component, there exist following

relations (see Table 2):

aaC'a<<aSCS, dwCw (34)

Aa€As, Aw (35)

Therefore, the term of air can be ignored in Egs. (29), (32) and (33). Hence, Eq. (24) becomes

finally
a8 _ = _ 3
W—V'(KSOILVQ) 7« (Hsor v )+ u (36)
where
e _ /)isj\'rs tAwNw 37
Ksori= asCsNs+ awCuwNw (37)
Hign= AwCwFulNw (38)

a SCSA?VS‘ + AwC wl\’rw

This is the heat conduction equation of commonly exsting soil.

5. Conclusion

The general form of the heat conduction equation for mixed material is developed
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theoretically based on the two hypotheses which characterize mixed material. Examples of the
application of the obtained equation are shown for the heat conduction of soil. Since the
hypotheses do not restrict the number of the components composing the mixed material, the
result is widely applicable for any types of well-mixed material. As the heat conduction
equation is presented in the form of differential equations, the equation can be applied to the
analysis of dynamical characteristics of heat distribution of mixed material. In addition to this,
since the apparent thermal diffusivity K and the coefficient of apparent velocity I appearing
in the equation are defined explicity, the equation can be used for synthesis of mixed material,
namely the heat conduction characteristics and estimates can be made even for materials being

considered for the first time.
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